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Appendix A Proofs

In all the sequel, the positive constants { K, K’, ...} may vary from line to line or even within a line,
but never depend on n or on various indices. The symbol “<” denotes the same order of magnitude,
le, fxg<— 3K, K'>0: K|g| < |f| < K'|g|.

A.1 Moments of Brownian Range and Return

For a standard Brownian motion starting at zero, i.e., W = (W});>0, we denote the normalized high,

low, and close as, respectively,

uw= sup Wi, d= inf Wi, c=Wi. (A.1)

0<t<1 0<t<1

The range of W over [0, 1] is given by w = u — d. We further define the moments of (w, |c|) as
Apr = E[wP|e|"]. (A.2)

Table A.1 summarizes the analytical values of A, , for all combinations of p,r € N such that

0 < p+ r < 4. Detailed derivations can be found in Appendix B.

Table A.1: Analytical values of Ap

0 1 2 3 4
p
2 2
0 1 2 1 2/ 3
2 3 8 2 15
1 2\/; 2 3\ @ T -
3
2 41n2 W= 4ln2+ 1((3) - -
3 2v2rs L) - - -
4 9¢(3) - - - -

Analytical values of joint moments of (w, |c|), i.e., Apr = E[wP|c|"] with p,7 € Nand 0 < p+r < 4, where w
(resp. c¢) is defined as the high-low range (resp. open-close return) of a standard Brownian motion within an

unit interval.

A.2 Proof of Theorem 1

We prove Theorem 1 with the LLN for path-dependent functionals of continuous It6 semimartingales,
as summarized in Duembgen and Podolskij (2015). Here we start with some notation. We denote
by C([0,1]) the space of continuous real-valued functions on the interval [0, 1], and by || - ||~ the
supremum norm on C([0,1]). A function f : C([0,1]) — R is said to have polynomial growth if
|f(z)] < C(1+|z||5%) for some C,p > 0.
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Definition A.1 (Local uniform continuity). The function f : C([0,1]) — R is locally uniformly
continuous if for all x € C(]0,1]), there exists a closed ball of radius K > 0 centered at 0, i.e.,
B<k (0)={z € C([0,1]); |z]lc < K},' such that for every e > 0, there exists § > 0, for z,y € B<k(0),
|z — ylloo < d, we have |f(x) — f(y)| < e. This locally uniform continuity assumption is satisfied
whenever |f(z) — f(y)| < C|lz — y|5% for all z,y € C([0,1]) and some C,p > 0.

Lemma A.1 (Theorem 2.1, Duembgen and Podolskij, 2015). Assume that the efficient price X
follows a continuous It6 semimartingale in Eq. (5). Given a function ¢g : C([0,1]) — R and a

vanishing sequence A,, for the sequence of processes

‘Z,n(g) = Anzg <d\;;(—§)) ) <A3)
i=1 n

where di'(X) = {X(_115)a, — X(@i=1)a,; s € [0,1]}, if g is locally uniformly continuous and has
polynomial growth, it holds that

Trng) 25 Vi(g) = /0 po- (9)dr, (A.4)

as n — oo, where p,(g) = E[g({zWs; s € [0,1]})] whenever it is finite.

It is obvious that the WV estimator in Eq. (3) can be written in the form of Eq. (A.3) with a
specific path-dependent function g : C(]0,1]) — R of the scaled incremental process:

ai(X)y 1 X)) ., drX) 1 Xia, = Xaona, )
o(Var) m e L VA A T A (45)
_ 1 a7 (X) dy ()N’ |
-t (Va) 2 (Va))
where
fi(x) = sup z(s) — inf z(s) and fo(x) = |z(1) — 2(0)]. (A.6)

0<s<1 0<s<1

The function g(x) is therefore a linear combination of polynomials of the range fi(z) and a finite
power variation fo(x), as well as the cross term fi(x)fa(x). This path-dependent function has

polynomial growth, and is locally uniformly continuous. Then the LLN in Lemma A.1 readily

!The notion of locally uniform continuity is slightly different from the usual one that requires uniform continuity
on neighborhoods or compact sets, see more details in Remark 2.1 in Duembgen and Podolskij (2015).
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applies with

A%mw=/ ({0 Wis € [0,1]})] dr

- 753 |, B[ Was € 0.113) = fafo, Wass € 0,101 ar

t
41112—2/0 £

1 t
:41112—2/0 £

-2 ( sup o, Wy — inf UTWS> or [Wi| ] dr
0<s<1

2
<0i1$11<)107W5 — 0%1;21 o Ws — o |[Wy — WOO ] dr

2
sup o, Ws— inf o, Ws | +o2W}
0<s<1 0<s<1

0<s<1

1 Ly 2., 2
:411(12—2/0 o7 E [w? + ¢ = 2w|c|] dr

1

t
2
- -9
== Aln2 9 /0 [opm ()\2,0 + )\072 )\171) dT

S /t2412+1 2% 3)a
Tamz—2J, 7\ 2)“"
t
:/osz,
0

where w, ¢, and A, = E[wP|c|"] are defined in Appendix A.1. This completes the proof.

A.3 Proof of Theorem 2

We denote by f,(z) the Géateaux derivative of f at point z in the direction of y, i.e.,

o @t hy) — fz)

h—>0 h

fylx) =

(A.8)

Lemma A.2 (Theorem 2.2, Duembgen and Podolskij, 2015). Assume that the conditions of

Lemma A.1 hold and Assumption 1 is satisfied. If g, (x) for some [|y|[oc < 1 is (i) locally uniformly

continuous, and (ii) has polynomial growth, it follows that as n — oo,

1
VA,

(ﬁ,n(g) — Vt(9)> 25 U),

where Uy (g fo uT dT+ ft (2) dW . —l—fo uT dW’ with

1.
ul = (9 + 5

u? = pM(g),

)= o, (92) - £2.(9) — (WD (9))2,

(A.9)

(A.10)



and, for z € R and G(z,y) = g, (),

pM(9) = E[g({zWs; s € [0,1]})W1],
pP(g) = E[G({zWy;s € [0,1]}, {s;s € [0,1]})], (A.11)

g
Pg) = E[G({=We;s € [0, 1]}, {5 s € 0, 1]})].

The process W/ = (W/);>0 is a Brownian motion defined on an extension of (Q, F, (F)¢>0, P), which
is independent of F. This is especially the case when ¢ is an even function, i.e., g(x) = g(—=x) for
all z € C([0,1]), where it holds that

pM(g) =P (g) = P (g) =0, (A.12)

for all z € R, since W £ _W and expectations of odd functions of W are 0, and hence we have

t
Ula) = | o) =62, () aW. (A13)

which is an F-conditional Gaussian martingale.

As mentioned in Appendix A.2, the path-dependent function ¢ : C'([0,1]) — R in Eq. (A.5) is a
linear combination of fZ, f3, and fi fo. Even though the stable CLT for f2(d(X)/vA,) is easily
deduced from Lemma A.2 (cf. Example 1 in Section 3, Duembgen and Podolskij, 2015), the result of
g cannot be obtained straightforwardly because the range is not Gateaux differentiable in general.

However, we may replace the Gateaux derivative by an alternative form for functions which are
not Gateaux differentiable. We consider a range-based functional {(x) = f(fi(x)) as an example,
where f: R — R is a continuously differentiable function, such that both f and f’ have polynomial
growth (cf. Example 3 in Section 3, Duembgen and Podolskij, 2015), by applying the following
lemma from Christensen and Podolskij (2007):

Lemma A.3. Given two continuous functions x,y € C([0,1]), assume ¢* is the only point in [0, 1]
where the maximum of z is achieved, i.e., t* = argmax<;<; #(s). Then it holds that
supg<<1(#(s) + hy(s)) — supg<,<1 (s)

]gli% o = y(t%). (A.14)

In the proofs z(t) plays the role of the Brownian motion, which attains its maximum (resp. minimum)

at a unique point almost surely. Let t = argmaxg<,<1 Ws and £ = argming< < Ws. Then Lemma A.2
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remains valid when o is everywhere invertible (Christensen and Podolskij, 2012) with

WD) =E|f (z( sup W, — inf W)) Wl} ,

0<s<1 0<s<1
@ (e _m |4 o 7_
o€ =B [ (= (o, W=, 1) ) -0 (419

023)(5’) =K -f/ <z < sup Wy — inf WS>> (I/V{2 — WE)] ’

0<s<1 0<s<1
which extends the asymptotic theory in Lemma A.2 to general functions of range.

Moreover, the derivative of the cross term f7 fs is a linear combination of two separate components
that include f] and f}, respectively. It means that for the path-dependent function g : C([0,1]) — R
in Eq. (A.5) we can obtain the closed-form pgl)(g), pg)(g’), and pS") (¢') for all z € R, and Eq. (A.12)
holds when g is an even function. Therefore, the stable CLT in Lemma A.2 holds with the limiting

process Uy(g) in Eq. (A.13), where the squared integrand is given by

po,(9%) — P2 (9) = E [¢*({o-Wass € [0,1]})] — (E[g({o-Was s € [0,1]})])?

= (411121_2)2{E [(fl({UTWs; s €[0,1]}) = fo({o-Ws; s € [0, 1]}))4}

- (B[(loWis € 0 - fallorWiis € 0.0)7]) )
1 , 4
} wz—z){E (s, 7= ot ¥ ¥ ]

2T\ 2
— (E [( sup o, Ws — inf oW —o0, |W1‘) ]) }
0§S§1 OSSS].

1 2
- (411037_2)2 {E | —lel)*] = (B[ = le?]) }
T B [ — el + 27—l + ] — (B [ + ¢ — 2]}
(4In2 —2)2
ol 2
- T3 {Aao = a1 + 6032 — 4013+ Mo — (o + doa — 211)%)
~ 40In2 —16(In2)% — 3¢(3) — 16

4_ o4
o; = 00.

(4In2 — 2)2
(A.16)

This completes the proof.

A.4 Proof of Corollary 1

The proof is analogous to that of Theorem 1. The WQ estimator in Eq. (9) can be written in the
form of Eq. (A.3) with a locally uniformly continuous function g? : C([0,1]) — R of the scaled
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incremental process:

dn(X) 1 d”(X)) <d”(X))}4

2 i - = ? _ 2 . A7
(Var) = ain (Gs)) = (Vs (817
Then the LLN in Lemma A.1 readily applies with

/ pon (g?)dr = / E [¢({o,Wass € [0,1]})] dr
0 0

1 t
=1 | E[(h(o:Wais € 0.11) — fol{o-Wes s € [0,111)* dr
0
1t 4
= — E TW — i f TWS — Ur W d
Ag Jo (02210 s ogs1 orl 1‘) ] g
1 t
= — | olE [w4 — 4wd|e| + 2w — dw|c]? + 04] dr
Ay 0 (A.18)
1
= — [ 02 (Ms0—4X31 + 6o — 4N 3+ Noa)drT
As o
I 45 7 15
=— [ o239¢(3) —4x —(¢(3)+6(4In2+ -C(3)) —4x — +3pdr
As o 8 4 4

t
:1/ ot (2402 — 12— 3¢(3)) dr
Ay Jo

t
= / oldr.
0

This completes the proof.

A.5 Proof of Theorem 3

Under Assumption 2, we consider the jump component of X in the following form, which is valid as

the jumps are of finite variation:

T = /0 t /R 5(s, 2)p(ds, da), (A.19)

where §(w,t,x) on 2 x Ry x R is predictable, p(dt,dx) is a Poisson random measure on Ry x R

with a compensator ¢(dt,dx) = dt ® A(dx), and A is a o-finite measure on R . Moreover, we have

lim ur/ A(dz) §/ | fr|" A(dx) < 00, (A.20)
{Ifm|>u} {Ifmlzu}

u—0+

which implies, as u — 0,

Az (@) = u}) = /{lf N })\(da:) =O0(u™). (A.21)
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Note that the jumps in J are not necessarily of infinite activity, since Assumption 2 is trivially
satisfied when there exist only finite-activity jumps.

We split the jumps into “big” and “small” ones by selecting a sequence (uy,) of positive real
numbers satisfying:
— 00 and un AB12 5 0, (A.22)

for any 0 < 8 < 1/2. Then we rewrite the It6 semimartingale X = X’ 4+ J in Eq. (12) as:

X = X/ / / d(s,x)p(ds, dx) / / (s, z)p(ds,dx), (A.23)
{|8(s,x)|>un} {|6(s,z |<un}

Eq. (o

“Big” Jurnps J “Small” Jumps: J;,t

where the component J is partitioned into two n-dependent processes Ji* and J3'. We shall show
that the presence of both jump processes does not affect the asymptotic distribution of the WV
estimator.

We first demonstrate that the probability of having more than one “big” jump in any of the n
intervals approaches zero. As discussed in Section 2.3 of Ait-Sahalia and Jacod (2009), log-price
increments that exceed a cutoff level €A%, for some o > 0 and w € (0,1/2), are mainly contributed
by “big” jumps of size of order at least A%, and those increments mostly contain a single “big”
jump under infill asymptotics. We validate the argument in Lemma A.4 below. Our selected cutoff
level u, satisfying Eq. (A.22) is a specific case with the parameter w arbitrarily close to, but below
1/2. This “optimal” choice of w separates all jumps that either prevail over or are diluted within
Brownian increments, which is similar to some applications of jump truncation procedures in the

literature, see, e.g., Liao and Todorov (2024).

Lemma A.4. For any w € (0,1/2), for the event E,, = {N; <1 for all 1 <i <n}, it holds that

lim IP’(EE) = nlLrgOP (U {N; > 1}) =0, where N; = Z Lyax,|>aa=}- (A.24)

e i=1 s€lpi
Proof. Similar to the Assumption (S-HON) of Jacod et al. (2019), we have Assumption 2 with 7 = oo
without loss of generality by a standard localization procedure, such that |6(w,t,z)| A1 < f(x)
holds uniformly on 2 x R4 x R.
The random variable N; counts the number of jumps in the ¢-th interval I, ; whose absolute
sizes exceed the cutoff level. We consider the case with the threshold u, in Eq. (A.22), as it captures

the maximum possible number of jumps. This can be expressed in terms of the Poisson integral, see
Eq. (2.1.11) of Jacod and Protter (2012):

Ay iAn
{lo(s,@)[Zun} (=) A J{|f(@)|>un}

s€ln,;

By the properties of the Poisson measure p, the integral in the right side of Eq. (A.25) follows a
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Poisson distribution with the intensity parameter

iAp
Ai—p/ ds/‘ Mdz) = AA{z : [f@)] = un}) < KA = o(V/Arn),  (A.26)
080 @)z

which is implied by Eq. (A.21). From properties of the Poisson distribution we further deduce that

in 2
P(N; >1) <P (/ / p(ds,dx) > 1) A +0(\?) < KA2u, ", (A.27)
(i) An Hf @) >un} 2

Therefore, with the union bound of probability, we have

P (O{Ni > 1}) < zn:IP(Ni > 1) < KApu,?" = o(1). (A.28)

i=1 i=1
This completes the proof. ]

Next, we provide some estimates for the size of “small” jumps in each interval. Lemma A.5

below derives the required probabilistic bounds for the range of J3 over the i-th interval:

Lemma A.5. For the purely discontinuous process J3' defined in Eq. (A.23) under Assumption 2,
with the sequence (u,) of thresholds satisfying Eq. (A.22), it holds that

Mz'(l) = sup |J3 — Jzn,(z'q)An‘ = Op(Anuy™"),
SEIn,i

MP = sup ‘J;S — Jg,(ifl)An}z = Op(Anu?fT).

[
SEIn,i

(A.29)

Proof. Similar to the proof of Lemma A.4, we follow Assumption (S-HON) of Jacod et al. (2019) by
letting 7 = oo. We start with the notation for a local p-th order variation of “small” jumps, which
resembles the first quantity in Eq. (2.1.35) of Jacod and Protter (2012): For some p > 1, we define

. 1 [7ANY
= [ s 5(s,2)PA(e). (830
A, (i—1)A, {16(s,@)|<un}

For all 1 <i < n, it holds that

R 1 (YA
E[5p7i|f(ifl)An] < IE / dS/ \5(s,x)|p)\(da:) F(il)An]
n (i—1)An {16(s,x)|<un}
iAp
<xB|) s " |8(s, @) Mde) f@mn] (A.31)
(i—1)An {I6(s,x)|<un}

Ay,
ub™" )" Mdx
<ur /er< ) A(dz),

since 0(w, t,z) is bounded by the deterministic function f(x). Denote the integral as a constant
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Cr = [g |f(x)["A(dx), we have
E[0p.il Fi-1)a,] < Crub ™" (A.32)

Similarly, for another conditional expectation E[gii‘f(i—l) A, ], we have

—~ 1 iAp p
B\ Fi-na,) = 7E ( [ s |a<s,x>|A<dx>> J—"@-mn]
n (i—1)An {16(s,x)|<un}
Ay p
< fE / ds/ u,lfT(S s, z)|" A(dz Fli—DA,
An ( (-DAn J{15(s,0) <un} ol )X )> ( ”A] (A.33)

s torse)

< C'pup(1 r)

Then by Lemma 2.1.7 of Jacod and Protter (2012), with the bounds for both E[Sp,i|F(i—1)An] and
E[gii’f(i—l)An] in Egs. (A.32) and (A.33), respectively, we have for all p > 1,

EMP | Fy_1ya,) < K (AnE[gp,i!f(i—l)An] + AﬁE[gf,i\f(i—l)An])
<K (C’TAnuffr + cmgug“*’")) (A.34)
< K/Anugin
where the latter term KCPARub" ™) reduces to K'Anul " since 1 < 1+ w(p—7r) < p < p+pw(1—7)
for some w slightly smaller than 1/2. The desired results in Lemma A.5 follow from the law of

iterated expectation and Markov’s inequality.
O

We now examine the impact of both “big” and “small” jumps on WV. For simplicity, we start

with some notation: For the sequence of semimartingales X = X’ + JJ* + JI in Eq. (A.23), we have

w; = sup | Xy — Xs|,  ri=Xia, — XA,
t,sGInyi
wi= sup [X{—X[|, ri=Xi —Xi A, (A.35)
t,SEIni
Al =Jlin, = Ili—na, Al =d3in, = J3i-na,

Since the scaling factor As is a constant which has no impact on the asymptotic order of the sum, it
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suffices to show that the absolute difference between (re-scaled) WVs from X and X' satisfies

n n n
S Cwi = i) = S (w] — D2 < S (e — [ril)? — (]~ 7))
=1 i=1 i=1
n
= > Jws = Inil = o = il = wi gl (A-36)
i=1 U:.(rl) pe

= Op(@)'

We define the set

r,= {1§i§n: sup |AX] Zun}, with k, = [Ty, (A.37)

SEIn,i

where |A| stands for the cardinality of set A. Conditional on the event E,, defined in Lemma A .4,
which has probability approaching 1, each interval whose index belongs to I';, accommodates exactly

one “big” jump. Under Assumption 2, the finite variation of J{* + J§ over [0, ¢] implies that

Unkn < > |AX,| < o0, (A.38)
0<s<t

and thus k, = u; ! = o(y/n). Moreover, [Tt| = n — k, < n under infill asymptotics.

We decompose the sum in Eq. (A.36) into two complementary parts:
Svu? =S uPu? + S uu®, (A.39)
i=1 i€l ierg
For any i € T',,, it follows from the triangle inequality that

_ / n n / n n
w; = Ssup |Xt + Jl,t + JQ,t - Xs - Jl,s - J27s|
t,SGInﬂ;

< w)+ sup |JTe = Jisl + sup |3y — J3] (A.40)
t,SGIn,i t75€]n,i
< w4 |A"T |+ 20,

where sup, 1, |J7', — Jis| = |A}'J1] since each infinitesimal interval mostly contains a single “big”

jump, as shown in Lemma A.4, and also
Iri| = vl + ATy + Al Jo| > |AT Ty — |rh 4+ AT (A.41)

‘We have
wi — i < wh 4+ 2M5 4 |7+ AP Ty| < w) + | + 30V, (A.42)
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where |A?J1| in the right side of both Eq. (A.40) and Eq. (A.41) are canceled, and thus
vV <ow+3mP  and  UP <o +3Mm Y, (A.43)
with

E(U)2 Fusiya,]
— 4E[(w))?|Fi—nya,] + OEIMP | Fi_pya,] + 12E[w? | Fu_pa, JEIMD | Fuipya,]  (A44)
< KA, + K'Apu™ + K'A3 2y 7 < KA,
and

E[(UP)|Fna,] < E(UD)Fina,] < KAy, (A.45)

where w; and Ml-(l) are independent, and the Burkholder-Davis-Gundy inequality implies that

P
E[(w})?|Fi-1)a,] < 2E (Selllp_‘Xﬂ—Xéi—nAn)

]:(i_l)An]

A r ) (A.46)
< K,E / ords | | Funa, | < KAZ,
(i—1)Ap,
for all 1 < p < co. By the Cauchy-Schwarz inequality,
EUOUP | Fona,] < VEUD PIFa JEUD 2| Fooya,) < KA (A47)
Therefore, we have
> U Op(knAn) = Op(Anuyt) = 0p(V/AR). (A.48)
iely,
Next, for all ¢ € FE, by the triangle inequality,
we= sup X 4y — XL — Jg | < w4 2M Y, (A.49)
Iril = Irf + AP To| > |ri] = |A7To] > |ri] - M. (A.50)
We have w; — |ri| < w} —|r}| + 3MZ.(1), and thus
vV <ow+3MY  and  UP <3mY, (A.51)
vVu® = u) +3m)3mY = 6w + oM (A.52)
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with
E[UOUP | Fuvya,] = B} Fu_na, JEIMY | Fu_1ya,] + IEMP | F_1ya,]

(A.53)
< KAY2u" 4 K Apu™ = O(Au?7).

Since it is obvious that u, < AL@72") by Eq. (A.22), we have
> U0 = 0y ) = 0p(v/Ba). (A54)
iert

The results in Eqgs. (A.48) and (A.54) are sufficient for Eq. (A.36), which holds on E,, with P(E,) — 1
by Lemma A.4. This completes the proof.

A.6 Proof of Theorem 4

(i) Gradual Jump. Under scenario (i), by the monotonicity of Hy, the location of 7 plays no role

in the following analysis. We assume 7 = 0 without loss of generality:
/ ey 1
X = Xt + H,, where H; = / ?ds, 5 <a<l. (A55)
o S

The increment of H; over the i-th interval is given by

V.
(i—-1)A, S -«

€2

AL fali), (A.56)

where fo(z) = 2179 — (z — 1)! 7% is a monotonically decreasing function over [1,00) with fg(1) =1
and lim,_,o fo(x) = 0 for all 0 < § < 1. When A,, is sufficiently small, the equation

l1—«

falz) = CASTL/2 (A.57)

C2

has a unique solution denoted by II,, for a constant ¢ > 0 that is large enough. The mean
value theorem indicates f,(II,) = (1 — a)(II, — 7)™ for some 0 < v < 1. We therefore have
I, < Ag/ 22) _1, and II, can be taken as integers without loss of generality.

The role of H is no smaller than the diffusion component over the first II,, intervals, while it
starts to be swamped by volatility from the next interval since its contribution vanishes in the
limit, i.e., A?H = 0,(y/A,) for any II,, + 1 <4 < n. With this result, we can make the following
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decomposition:

n n Hn Hn
D (wi=[ri)® =Y (i = i) < (D (wi = |ral)? = Y (wf = |ri])?

=1 =1 =1 =1

: A i (A.58)
+1 D wi—m)? = Y (wh =i,
i=II,+1 i=II,+1
Ay
where I
A <Y uPu® and A< Y uMU®, (A.59)
=1 i=IIn+1

where we use the same notation Ui(l) and Ui(Q) as defined in Eq. (A.36), with X = X'+ H in this
section. Intuitively, Ay corresponds to the bias induced by H within the “explosive zone”, and As
corresponds to the bias stemming from the presence of H in the price increments not in the vicinity
of 7. Therefore, it suffices to show that A; and Ay are both Op(A}/ 20‘).

For all 1 < <1TI,, since the monotonicity of H; implies sup, .y, , [H: — Hs| = [A] H|, we have

w; = sup |X]+ H; — X, — Hy| <w}+|ATH]|, (A.60)
t,SEInyi
il = |ri + AV H| > |ATH| = |rf], (A.61)

such that w; — |r;| < w} + |r}|, and thus

Ui(l) < 2w} and Ui(z) < 2|ri], (A.62)
Therefore, it holds that
I,
A <Y UUP = 0,(IL.A,) = 0,(AY?). (A.63)
i=1

Next, for all IT,, + 1 < i < n, we have both Eq. (A.60) and
il = Iri + AP H| > |ri| — |ATH], (A.64)
such that w; — |r;| < w} — |rl| + 2|ATH|, and thus
Ul <owl— 20} +2)ATH|  and  UP < 2)ATH]. (A.65)

We follow the same steps as Eqgs. (46) and (47) in Andersen et al. (2023): The Taylor expansion of
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21~ around z = i provides the following approximation for large i:

(-1 =il"" — (1 - )i+ o(i™®), (A.66)

such that f,(i) = (1 — @)i”® + o(i~®). Therefore, we have
n n nH;l
S (AFH? < KA N e < A0l 2 / s72%s = O,(AY?).  (A.67)

i=Il,+1 i=Il,+1 1

Moreover, by the Cauchy-Schwarz inequality,

> (wi—|rDIATH| < Y wilATH]|
i=I1,+1 i=I1,+1
~ ~ (A.68)
< | D0 @Y (ATH)? = O0,(VALAYY),
=1l +1 i=II,+1

with the results in Eq. (A.67) and in Eq. (A.46) by the Burkholder-Davis-Gundy inequality. Therefore,

we have

A< Y UUP <4 Y i - DIATH| + 4 YT (ATH)? = 0,(AL*). (A69)
i=I1,+1 i=I1,+1 i=Il,+1

(ii) Flash Crash. Under scenario (ii), the V-shaped flash crash is a combination of two inverted
gradual jumps, such that the results in scenario (i) hold for all intervals that do not contain 7.
Consequently, it suffices to demonstrate that the additional bias from the specific V-interval is of
order Op(AZ72),

Suppose 7 lies within the k,-th interval I, ;. Let

T—(kn— 1A,
A,

hp = (A.70)
represent the fraction of the V-interval between 7 and the left endpoint of I, ,,. The value of A, lies
within [0, 1] by construction, and does not converge to a specific value unless a specific subsequence
of A,, is chosen.

The increment of H over the V-interval I,, ;,, is given by

H _ i C1 Fn&n C2 _ A'}Lia 11—« 11—« A
Tkn = (kn_l)An sfadS + i des = m(Clhn + 02(1 — hn) ), ( 71)
and the corresponding range of H is
H n e 1 1
W, = sup [Hy = Hy| = 77— (lerhy %[V e2(1 = ha) %), (A.72)
t,SGInykn -«
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Moreover, we have

1 _
U = |wk, — 1, |+ 1why, — 7, 1] < wh, + wh, < wil +2uw), = O,(AL),

@) , , o - v L (A.73)
Ukn - ‘wk‘n - |Tkn| - wk‘n + ’Tk:nH S wk‘n + ’Tk:n‘ S 2wkn - OP(ATL )
Therefore, we have the additional bias from the V-interval
1 2 —2a
(wh, = e, ) = (wh,, = I, ) < ULUE = 0,(A772%). (A.74)

This completes the proof.

A.7 Proof of Theorem 5

We define the truncation threshold for wick lengths as v, = (A for some ¢ >0 and 1/4 < w < 1/2,
and denote the indicator function by I; = 1y, _|r,|<v, ). For the V-interval with the wick length of
order O,(A272%)  the truncated wick length satisfies

(W, = I, )k, = Op(AF) = 0p(A}/4), (A.75)

which implies that the additional bias from the V-interval into the truncated WV is of order
0p(v/Ay,), and becomes negligible under the normalization by /A,,.

We then demonstrate that the wick truncation has asymptotically no effect on any other intervals
in the absence of V-shape, even in the presence of any monotone explosive trends. We consider the
event B, = {[; = 1, for all 1 <i < n}, under which the wick-truncated WV is equivalent to the
original WV. Therefore, it suffices to show that P(E,,) — 1 under scenario (i) in Theorem 4, which

is equivalent to show

P(ES) =P (max {wi —|ril} > un) — 0. (A.76)
1<i<n
From our previous results in Egs. (A.60) and (A.61), we have
wi — |ri| < wj+[ri| < 2wy, (A.77)

for all i € {1,2,...,n}. Therefore, we have

p
P <max {w; — |ri|} > vn> <P (2 max w, > vn> < KA PZE {(max w;) ]

1<i<n 1<i<n 1<i<n
n
< KAPR [Z(wé)p] < K'Aprel
i=1

(A.78)

where the bounds follow from Markov’s inequality, the maximal inequality, and Eq. (A.46) by the
Burkholder-Davis-Gundy inequality. Since the above result holds with arbitrarily large p > 0, for
any 1/4 < w < 1/2, we can always pick p > 2/(1 — 2w) to ensure that the bound K'AP/27P= =1 pag
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a positive exponent. This implies Eq. (A.76) as desired.
Furthermore, we show that the wick truncation has no effect on intervals that contain any types
of jumps in Eq. (A.23). For any interval that could contains both “big” and “small” jumps, i.e.,

i € 'y, as defined in Eq. (A.37), or only “small” jumps, i.e., i € I‘%, we have from Eq. (A.42):
w; — |ri| < 2w] + 3M. (A.79)

Following the same steps as in Eq. (A.78), we have

P <max {w; —|ril} > vn> <P <Inax {2w] + 3MZ-(1)} > vn>
1<i<n 1<i<n

p p
< K (B[ ol) | 42 () ])
1<i<n 1<i<n (ASO)

e (s3] 5[]
=1

i=1
< K'APF(AP ),

+E

where r € [0,1) under Assumption 2, u, is defined in Eq. (A.22), and the result for Mi(p) is
from Eq. (A.34). Suppose u, < A}, with v arbitrarily close to 1/2, we may further pick some
1/4 < w < 7 such that the exponents in the two terms above are both positive whenever p >

max{2/(1 — 2w), ry/(y — w)}. This completes the proof.

A.8 Proof of Theorem 6

As an analogous result to Theorems 4 and 5, the bias of WV due to the component H can be proved
following the same steps with similar simplifying assumptions: There exists one persistent noise
episode [0, 1], which is triggered by some ambiguous information arriving at time 0, and the funtion
2.) in Eq. (26). The process 6%1) in H; only introduces extra randomness to the

duration of persistent noise episode, which shall be harmlessly ignored.

g takes the form g

As shown in Egs. (56) and (57) in Andersen et al. (2023), there exists an asymptotic correspon-
dence between the two models of episodic extreme return persistence, and they are equivalent with

identical asymptotic analyses if we let 8 = 1 — a. The increment of H; on the i-th interval is
APH = FO(AXo,n) (i — )% — i#)AR = nAXo(i® — (i — 1)7) AL, (A.81)

where f1)(AXo,n) = —nAX, with n € (0,1]. With 3 =1 —«a € (0,1/2), the above persistent noise
increment is equivalent to the drift burst increment in Eq. (A.56). The “big” jump AX; has no
impact on WV, see Appendix A.5. The proof from here can proceed following the same steps as the
proof of Theorems 4 and 5. When the function ¢tV = g](c?, the asymptotic effect of H depends on

the smaller of the two parameters $; and Ss.
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A.9 Proof of Theorem 7

In this section, we establish the asymptotic distribution for a broader class of KV estimators that
nests V), which subsumes the results for all estimators with w € W: We define a 3-by-1 weight

vector w € R3, and then the estimator is given by
KV, (w Zw »lg;, (A.82)

with the following asymptotic distribution under infill asymptotics:

Theorem 7-w. Assume that the efficient price X follows a continuous Ité semimartingale in Eq. (5)
with Assumption 1 satisfied. For all w € R3, it holds that

¢ ¢
\/27 (KVt,n(w) —w'L/O J§d8> £25 MN <0,®(w)/0 Jﬁds>, (A.83)

where ¢ = (1,1,1),

Ow) =w'TOY 1w — Wiw, (A.84)
and the symmetric matrix
M40 A31 A2z
Q = [ )\2?2 )\173 5 (A85)
[ ] [ ] )\074

with all A, specified in Table A.1.

Proof. 1t follows the same steps as the proofs of Theorems 1 and 2, with a general form of the

path-dependent function g : C(]0,1]) — R of the scaled incremental process:

£2()
KV, (w Az( ho).dwe)=wmse, o= | #e |

fi(z) fa(=)
(A.86)

where both the functions f; and fa are defined in Eq. (A.6). As a linear combination of all locally
uniformly continuous functions with polynomial growth in f(z), the function g(z;w) satisfies the

conditions in both Lemmas A.1 and A.3. By Lemma A.1, we have

t t
KV, (w) —22 / o, (9)dT = W'E71T0 / oldr = W't / po. (g)dr. (A.87)
0 0

Then, by Lemmas A.2 and A.3, it holds that

\/1ATL (KVt,n(w)—w'L/ 2d8) / \/PUT — p2. (9)dW7, (A.88)

where W' is a Brownian motion defined on an extension of (2, F, (F)¢>0, P), which is independent
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of F, and
po(9°) = P2, (9) = o1 (WETOE W — Ww), (A.89)

where Q@ = E[f({Ws; s € [0,1]}) f'({Ws; s € [0,1]})]. This completes the proof of Theorem 7-w.
Ul

As the result in Theorem 7-w holds for all w € R? and the KV estimator is linear in w, by the

Cramér-Wold device, we have for any w;,w; € R3,

KV (w;) — wit [y o2d —s i) Twi,w; !
1 Vin(wi) —wit fotos A=WV 0 ’ O(wi) T(wi,wj) / s, (A.90)
VAR \KVin(w)) — Wit [ oids 0 o O(wj) 0
where
Nwj,w;) =wE10Y v, — wit/w,. (A.91)

We recall the space W = {w € R3 : w/t = 1} for ¢ = (1,1,1). Indicated by Theorem 7-w, the
restriction w’e = 1 ensures that all KV estimators in V) are consistent when X follows Eq. (5).

Moreover, Vyy is closed under affine combination, such that for any w;,w; € W, we have
pKVin(wi) + (1 —p)KVyp(wj) € Viy. (A.92)
The OKV estimator in Vyy is defined by Eq. (A.87) with

w* = argmin O(w), (A.93)
weWw

which can be easily solved by the method of Lagrange multipliers:

b P ) 1
*= ———— ~(1.7103,—-0.7647,0.0544)’ o ———— —1~0.2594. (A.9%4
w STy b5 (1.7103,—0.7647,0.0544)" and © RSTo s 0.259 (A.94)

This completes the proof.

A.10 Proof of Corollary 2

Under Hy, we start from the joint convergence in Eq. (A.90) by taking the two estimators to be
WYV and OKV, respectively:

1 WV, — [fo2ds \ £os 0y (6 er /t s
; s s MN , sds |, A.95
VA, (OKVM — tods 0) \e o))y =7 (4.95)

where the form of the asymptotic covariance arises from the variance optimality of OKV. Moreover,

since we have A, 1/2 (WVyn, — WV, ,) = 0,(1) as the wick truncation is asymptotically irrelevant
under Hy following the proof of Theorem 5, WV;,, can be replaced with WV, ,, in the above joint

CLT. By the continuous mapping theorem, the consistency of the wick-truncated WQ estimator,
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and the stability of the convergence, we obtain

OKVt,n - WVt,n L—s

VALEWQ,,

where 2 = © — ©*. The above result implies T} ,, L X% under Hy and demonstrates that the

N(0,1), (A.96)

Hausman test is correctly sized under infill asymptotics.

To derive the consistency of the test statistic under Hy, recall that OKV is a linear combination
of WV, RRV, and RV, as shown in Eq. (34). Under the jump alternative, since it is well-known (see,
e.g., Christensen and Podolskij, 2012) that both RV and RRV consistently estimate the quadratic
variation of X, whereas the (wick-truncated) WV estimates the IV of X, this difference diverges in
T} , after squaring and multiplying by n, which leads to the desired consistency result.

Under the explosive trend alternative, we utilize the following decomposition of OKV, where the

approximated numerical values of the positive constants (k1, k2, k3) are given in Eq. (34):
OKV;, = kiWVy,, + k2(RRV, ,, — Ai(l] RVin) + (kQ)\i(l] — k3)RVy . (A.97)

It is worth noting that ks = k?g)\i(l) — k3 =~ 0.1615 > 0. Furthermore, the RRV-RV difference above
has the following explicit form:
n
RRVip — Ay g RVin = Mg > (wi + [r]) (w; — |ri]), (A.98)
i=1
which is also a function of wick length. We shall show the consistency of our test under the drift
burst model under Assumption 3, as the proof for the persistent noise case is analogous. Following
the proof of Theorem 4, we denote by RRVLn and RV;JL the RRV and RV constructed from the
continuous part X’ of X, respectively. It holds that

RRViy — Ay RVin = RRV],, — Ay g RV}, + Op(AL 1/, (A.99)

and the last estimate is of order 0,(A272%) for all 1/2 < a < 1, which originates from intervals in
the vicinity of 7. Also, by Theorem 3.1 of Laurent et al. (2024), RV under this alternative has the

following asymptotic representation:

_ 2
RV, = RVY, + A2 0 (A.100)
where CéiQ,O) is a positive constant depending only on the rate of drift explosion «, with the general

expression provided in Eq. (9) of Laurent et al. (2024). In the absence of V-shapes, Eqgs. (A.99),
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(A.100) and Theorem 4 implies that

~ 2
OKViy = kiWVy, + k2RRVY , + ksRVy, ks AT, )+ 0p (A7), (A.101)

OKV} ,

which further indicates that

~ 2
k?’Céla,Q,O)

Ef(f olds

OKVt,n - th,n L—s
\/AREWQ, ,

where Z ~ N(0,1). As the second term on the RHS of Eq. (A.102) diverges positively for
3/4 < a < 1, the consistency of the Hausman test follows. Adding V-shapes to the alternative

Z + A3/272 +0,(1) |, (A.102)

further shifts the mean of the normal distribution positively, and does not alter the consistency of

the test. This completes the proof.
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Appendix B Normalized High, Low and Close

In this section, we calculate all A, , summarized in Table A.1, with some of these analytical values
utilized in Appendix A.

For the range of a standard Brownian motion, i.e., w = u — d, its probability distribution was
firstly proposed by Feller (1951) and its moment generating function was then derived by Parkinson
(1980), i.e., for the r-th moment:

r_ 4 4 T T+ 1
E[w]—ﬁ(l 2r> 22F< 5 )C(r 1), (B.1)
where I'(z) and ((z) are the Gamma and Riemann’s zeta functions, respectively. In particular, we
have
2
Mo =Elw] = 2\/; ~ 1.5958, (B.2)
Moo = E[w?] = 4In2 ~ 2.7726, (B.3)
2
A30 =Ew?®] = g\/27r3 ~ 5.2499, (B.4)
Mo = Ejw?] = 9¢(3) =~ 10.8185. (B.5)

Also, Garman and Klass (1980) reveals the following fourth moments of the normalized high, low,

close via the generating functions E[uPd?c"]:*

Eu'] = E[d'] = E[c!] =3,  E[u?c?] = E[d*¢] =2, (B.6)
E[u’c] = E[d®c] = 2.25,  E[uc’] = E[dc’] = 1.5, (B.7)
E[u?dc] = Elud?c] = % —2In2 — gg(s) ~ —0.1881, (B.8)

E[u?d?] = 3 — 41In2 ~ 0.2274, (B.9)
Eludc?] =2 —2In2 — gg(:s) ~ —0.4381, (B.10)
E[ud®] = E[ud] =3 — 3In2 — 24(3) ~ —0.4318, (B.11)

where ((3) = Y0, n73 ~ 1.2021. It is straightforward that
Moo = E[w?c?] = E[(u — d)?c?] = E[u?c?] + E[d*c?] — 2E[udc?] = 41n2 + 24(3) ~ 4.8762. (B.12)

When we substitute the normalized close ¢ in above moments with its absolute value |c|, it is
obvious that the values in Egs. (B.7) and (B.8) do not follow from Garman and Klass (1980). Different
from the Garman-Klass triple (u, d, ¢), Meilijson (2011) considers (i, d, |¢|) where (@, d) = (u,d) if

2See Appendix C in Garman and Klass (1980).
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¢ > 0 while (@,d) = —(d,u) if ¢ < 0, and derives the second and fourth moments as follows:

1 . 1 .
E[@?%] = Z, E[d?] = T E[i|c|] = Z, E[d|c|] = -7 E[ad] =1 —2In2 ~ —0.3863, (B.13)
93 - 3 31 - 1
Elit] = =, E[d']=-—, E[@®|c}] ==, E[d|c?] == B.14
147 - 3 27 - 3
El@d|c] = =, E[@|d]=—-~, E[alc]="=, E[d*]=-= B.1
[@lel] = 55, Eld|el] 350 Elalel] =, Eld|c[] 3 (B.15)
E[a2d?] = E[u’d?] =3 — 4In2 ~ 0.2274, (B.16)
N 7
Elid|c|?] = Eludc®] =2 —2In2 — 5¢(3) ~ —0.4381, (B.17)
. - 9
E[@*d) 4+ E[ad®] = E[ud(u® + d?)] = 6 — 61In2 — 1¢(3) = ~0.8635, (B.18)
N - 9 7
E[@?d|c|] + E[ad?|c|] = E[udc(u + d)] = 5~ 42— ((3) ~ —0.3762, (B.19)
- 1 47
~ 72 _ = o P
Elid’|el] = 15¢(3) = 2In2+ o ~ 0.1576. (B.20)

We can use the above results to obtain the following second and fourth moments of (w, |c|):
R - 5 3
M1 = Efwlel] = E[(a — d)|c]] = Efale]] - E[dc[] = 5, (B.21)

M3 = Elwlel’] = E[(@ - d)|c’] = E[ale/’] - E[d|¢|’] = %, (B.22)
A31 = E[w’|e]] = E[(@ — d)*|c]
=E[(@® — d® — 3a%d + 3ad?)|c|]
= E[a@3|c|] — E[d®|¢|] — 3E[a2d|c|] + 3E[ad?|c|]

147 3 9 1 47 (5:25)
= T3 3 ( —4ln2—7(( )> +6 <16C(3)—2ln2+ 32>
45
= 2(3) ~ 6.7616.
To calculate the third moments of (w, |¢|), we derive the analytical expressions for E[a2|c|], E[d?|c]],

Ela|c|2], E[d|c|?], and E[ad]c|], which are not available in the literature. For the first four quantities,

we obtain the results by integrating the joint densities in Meilijson (2011), i.e

fajel(a, ) = 4(2a — 2)$(2a — x), 0<w<a, (B.24)
fcz,|c|(b7 l’) = 4($ - 2b)¢($ - 2b)7 b<0< €, (B25)

where ¢(z) = (2m)"1/2¢72*/2 is the probability density function (PDF) of A/(0,1):

) A 2|c
E[a*|c|]] = \ﬁ 2.2607, E[d?|c|] = \ﬁ

E[i|c|?] \/7 1.8617, El[d|c|?] \/7 ~ —0.2660. (B.27)
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There is one more moment needed, i.e., E[id|c|]. We start with the infinitesimal event A = {W; €
(z,z + dx), Wy € (b,a),Vt € [0,1]}, where b < min{z,0} < 0 < max{z,0} < a, and its probability
P(A) = Q(a, b, x)dx, where

Q(a,b, ) Z {¢(x —2j(a—0)) — d(x —2b—2j(a— b))} . (B.28)
j=—00

The joint density of (@, d,|¢|) is then given by fa (ild(a, b,x) = —20%Q(a, b, )/Dadb, restricted to
b < 0 < x < a, which is also an infinite series.? The summand with j = 0 takes value 0 because
both two ¢ functions are independent of at least one of a and b, as similar to the second term in the

summand with j = 1. The required moment can be obtained by solving the triple integral:

Efad|c|] = —2 / / / ajalb) ?) dbdzda
=-2 Y / ada/ a:dm/ [ —2j(a—b)) (B.29)

eE {0}

We integrate each summand in three univariate steps. The first step will integrate over b € (—o0,0)
the product of b and mixed second derivative 9%¢(x + Ma + Kb)/dadb:

9 0
/ Sobor (e + Mat Kb)dy 8/ é(x + Ma + Kb)db
zaa/_oobdgb(x+Ma—|—Kb)

_ 9 [bp(x + Ma + Kb)]° __ — 9 /0 d(z + Ma + Kb)db

da da J_o
09
:—/_maa (z + Ma + Kb)db
0
= —M/ ¢ (x + Ma+ Kb)db
M
=% [¢(z + Ma + Kb)]°
= —%(ﬁ(:v—i—Ma).

(B.30)

3See more details in the Appendix of Meilijson (2011).
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Then we multiply the above result by x and integrate it over x € (0,a):

/xdaz/ —b— ¢(x + Ma+ Kb)db

= - — a:gzb(m+Ma)d
0

K
(M+1)a 2 p(M+1)a
- -z yoly)dy + ¢(y)dy
K Jia K Jyma (B.31)
M (M+1)a M2 (M+1)a
-¥ & o)y + Gyddy  becanse /(2) = —20(2)
Ma Ma
2
= 10U + 1)a) — 6(Ma)] + L [B((M +1)a) — B(Ma)
M M?2a N "
or = == [¢((M +1)a) - ¢(Ma)] = —— [®*((M + 1)a) — &"(Ma)],
where ®(2) = [*__ #(t)dt = 0.5(1 + erfz/v/2) is the cumulative distribution function (CDF) of

N(0,1), and ®*(2) =1 — ®(2) = 0.5(1 — erfz/+/2) is the survival function. Finally, this expression

is multiplied by a and integrated over a € (0,00). We use the results

/0 ~ ap(ad)da = /O ~ ap(—ad)da = (B.32)

1
V2r A2’

/0 a*®(—aA)da = /0 a*®*(aA)da = 3143\/;’ with A > 0, (B.33)
to calculate the triple integral of abrd?¢(zx + Ma + Kb)/dadb. When M € Z>°, we have

/ ada/ xd:c/ —b— ¢(xz + Ma+ Kb)db

K/ ap((M +1 da—/ aquada—i—/ (M +1)a )da—/ ®(Ma)da

1 2 M? 1
\/ﬂK[(M—Fl ] T [M+1 M3]_Q(MK)
(B.34)
When M € Z<~!, we have
/ ada/ :L‘da:/ 8—19% (x+ Ma+ Kb)db
:K/ agb((M—l—l)a)da—A[?/ aqS(Ma)da—/ (M +1)a da+/ da
0 0
1 M 1 2 M? 1
:\/%K[(MH ] - [MH M3]:g(M’K)'
(B.35)
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We now transfer each summand into a rational function of j, by letting M take —2j, and K take 2j

or 2(j — 1). For summands with j € £z{0, 1}, we have

/ ada/ mdx/ —b [(% 2j(a—b))—;)¢(x—2b—2j(a—b))} db
G(-24,27) — G(-25,2(j — 1))

T \/12? (1 o i 1> [(1 —123')2 - (2;)2] - % (2' j2{21> ﬁ [(1 —12j)3 + (2;)3] o
B \/1271 1 1 [(1 —12.7)2 - (2;)2] " ;,- - 1\/2 [(1 —12j)3 i (2;3] ’

and the infinite series

> / ada/ a:d:c/ b[ab (x —2j(a—b)) — ;b (z—2b— 2](a—b))]db:14:22\;%38.

j€Cz{0,1}
(B.37)
For summand with j = 1, we have
5
ada xdx —b— d(x —2a+2b)db =G(—2,2) = ——. B.38
[ ot f[ute [ 3 e
Therefore, the joint moment is calculated by Eq. (B.29):
- 14m% —1 4 — 7r?
Efid|c] = — ( b 38) AT 03344, (B.39)
12v/27 7221 18v/2m

Now we can use the results in Eqs. (B.26), (B.27) and (B.39) to calculate the third moments of
(w, lel):

~ 8 [2
M2 = Elw|c|?] = Eli|c|?] — E[d|c[}] = 3\[ ~ 2.1277, (B.40)
T
Ao = Elw?|e]] = E[@?|]] + E[d®|c|] — 2E[ad]c|]
S A kL Y LAY 2 (A
IENCZ N 18/2r 9V 2 T
Moreover, direct calculation of
0 T 22
Elle|"l =2 e zdx B.42
[lel"] /0 Vo (B.42)
shows the following moments:
2 2
)\071 = \/; ~ 0.79797 )\072 = 1, /\073 = 2\/; ~ 1.59587 )\074 =3. (B.43)

0OA.26



Appendix C Supplementary Materials

C.1 Monte Carlo Bias Results of Other Estimators

In addition to the Monte Carlo bias results in Section 4.2, Tables C.1 and C.2 report the relative
bias (%) in “continuous time” of the TRV estimator of Mancini (2009) and the DV estimator of

Andersen et al. (2023), respectively. The choices of truncation parameters for TRV and DV are in
line with Andersen et al. (2023).

C.2 Monte Carlo RMSE Results of Other Estimators

In addition to the comparison of finite-sample performances among WV and the main competitors
RRV, OWV, RV, TRV and DV, we also consider two return-based IV estimators, i.e., BV of
Barndorff-Nielsen and Shephard (2004) and MedRV of Andersen et al. (2012), and also TRV and
DV with less aggressive choices of truncation threshold. The RMSE results are shown in Table C.3.

Table C.1: Monte Carlo bias results (%): Truncated realized volatility (TRV)

Panel A: C;FRV =4
Gradual Jump with an

H=0 Gradual Jump Flash Crash Intermittent Flash Crash

Interval No Jump  Jumps 8 =0.45 0.35 0.25 8 =045 0.35 0.25 B =0.45 0.35 0.25
5 sec -0.14 0.01 2.29 2.31 1.93 3.63 3.78 3.23 2.85 3.04 2.82

10 sec -0.13 -0.01 4.03 3.72 3.05 6.31 6.04 5.19 4.74  4.96 4.44

30 sec -0.09 0.00 9.48 8.16 6.39 16.00 13.94 10.74 11.56 11.53 9.94
1 min -0.13 0.15 15.81 13.29 10.08 26.64 21.34 15.67 20.38 19.62 16.48

2 min -0.12 0.19 30.28 24.38 17.82 44.64 37.52 27.78 43.15 37.54 31.50

3 min -0.18 0.32 33.39 2594 17.55 63.38 52.32 3847 37.08 30.29 21.20

5 min -0.07 0.32 44.10 32.13 20.51 99.42 81.20 58.98 69.29 5740 43.49

Panel B: CCTRV =3
Gradual Jump with an

H=0 Gradual Jump Flash Crash Intermittent Flash Crash

Interval No Jump Jumps £ =0.45 0.35 0.25 B =0.45 0.35 0.25 B =0.45 0.35 0.25
5 sec -1.57 -1.41 0.53 0.56 0.25 1.66 1.66 1.22 1.07 1.10 0.92

10 sec -1.67 -1.51 1.86 1.61 1.07 3.75 3.47 2.69 2.61 2.54 2.03

30 sec -1.76 -1.70 6.09 4.79 3.41 11.02 9.03 6.79 8.33 7.62 5.83
1 min -1.94 -1.65 10.91 8.46 5.77 19.43 16.63 12.47 15.10 13.31 9.96

2 min -2.07 -1.93 19.92 15.03 10.26 32.43  25.11 17.07 28.93 24.65 18.77

3 min -2.30 -1.88 24.93 18.57 12.37 47.77  37.23  25.88 29.14 23.99 16.55

5 min -2.45 -2.14 36.08 25.92 16.65 77.40 59.28 41.01 48.30 41.49 31.08

Relative biases (%) of the truncated realized volatility (TRV) estimator of Mancini (2009) constructed from 5, 10, 30, 60, 120,
180, and 300-second intervals for 3000 days. The truncation threshold for all returns is with CERV = (4,3). The DGP follows
the Heston model in Eq. (38), and we follow the persistent noise model of Andersen et al. (2023) to simulate the three different

patterns of short-lived explosive trends.

OA.27



Table C.2: Monte Carlo bias results (%): Differenced-return volatility (DV)

Panel A: C’?V =42

Gradual Jump with an

H=0 Gradual Jump Flash Crash Intermittent Flash Crash

Interval No Jump  Jumps B =0.45 0.35 0.25 B =0.45 0.35 0.25 B =0.45 0.35 0.25
5 sec -0.19 -0.03 -0.13  -0.01 -0.12 0.00 0.23 0.14 0.33 0.13 0.08

10 sec -0.17 0.03 -0.05 -0.08 -0.12 0.45 0.65 0.78 0.51 0.36 0.36

30 sec -0.17 -0.15 0.54 -0.34 -0.16 0.44  0.88 1.39 2.40 1.29 1.11
1 min -0.34 -0.04 1.84 -0.29 -0.39 1.64 3.58 4.86 6.30 3.21 2.45

2 min -0.64 -0.06 8.66 7.53  1.05 9.66 10.88 9.43 1795 1775 11.55

3 min -0.88 0.01 11.35 2.58 -0.66 16.06 14.42 1191 21.11  11.37 3.45

5 min -1.22 -0.24 27.74 11.22 0.60 35.76  28.49 24.22 69.33 55.23 29.91

Panel B: cg\’ =3v2

Gradual Jump with an

H=0 Gradual Jump Flash Crash Intermittent Flash Crash

Interval No Jump Jumps £ =0.45 0.35 0.25 5 =0.45 0.35 0.25 B =0.45 0.35 0.25
5 sec -1.61 -1.45 -1.35  -1.08 -1.15 -1.13  -0.87 -0.90 -1.08 -1.11  -1.01

10 sec -1.67 -1.47 -1.26 -1.08 -1.09 -0.84 -0.50 -0.44 -0.97 -0.82 -0.84

30 sec -1.80 -1.85 -0.89 -1.13 -0.95 -0.24 0.16 0.35 -0.17 -0.42 -0.60
1 min -2.04 -1.92 -0.61 -0.96 -1.13 1.11 2.52 2.68 1.00 0.15 -0.09

2 min -2.47 -2.08 2.49 2.75  -0.24 6.19 6.62 5.26 6.32 6.19 2.83

3 min -2.75 -2.11 2.07 -1.03 -1.71 5.35 4.38 3.17 8.56 3.75 1.45

5 min -3.06 -2.91 8.20 0.09 -1.79 9.26 6.29 5.66 25.92 15.67 8.90

Relative biases (%) of the differenced-return volatility (DV) estimator of Andersen et al. (2023) constructed from 5, 10, 30,
60, 120, 180, and 300-second intervals for 3000 days. The truncation threshold for all first-order differenced returns is with
C?V = (4v/2,3v/2). The DGP follows the Heston model in Eq. (38), and we follow the persistent noise model of Andersen et al.
(2023) to simulate the three different patterns of short-lived explosive trends.
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Table C.3: Monte Carlo RMSE results of other estimators

Panel A: H=0

No Jump With Jumps
Interval BV MedRV TRV DV BV MedRV TRV DV
1 min 0.74 0.78 0.65 0.79 0.93 0.79 0.65 0.80
2 min 1.04 1.12 0.91 1.11 1.36 1.20 0.92 1.13
3 min 1.27 1.36 1.12 1.37 1.65 1.44 1.14 1.40
5 min 1.66 1.78 1.45 1.76 2.10 1.86 1.49 1.85
10 min 2.34 2.52 2.04 247 3.00 2.75 2.23 2.85
Panel B: Gradual Jump
B =0.45 B8 =0.35 B8 =0.25
Interval BV MedRV TRV DV BV MedRV TRV DV BV MedRV TRV DV
1 min 3.85 2.87 1.59 0.86 4.50 2.77 1.39 0.79 5.24 2.46 1.15 0.79
2 min 6.79 6.25 2.97 1.53 7.65 5.99 2.46 1.39 8.63 5.18 2.00 1.21
3 min 8.79 6.39 3.25 1.99 9.06 5.43 2.66 1.66 9.22 4.40 2.03 1.46
5 min 12.80 9.16 4.36 3.75 12.49 7.47 341 2.96 12.00 5.74 2.54 2.26
10 min 21.46  20.32 15.66 8.79 20.60 16.42 9.55 10.12 19.21 11.99 5.51 8.48
Panel C: Flash Crash
B =0.45 B8 =0.35 B8 =0.25
Interval BV MedRV TRV DV BV MedRV TRV DV BV MedRV TRV DV
1 min 5.13 4.78 2.52 0.82 5.72 5.33 2.04 0.86 5.75 5.48 1.59 0.92
2 min 5.50 5.74 4.16 1.48 4.77 4.99 3.56 1.52 3.72 3.81 2.76 1.47
3 min 8.41 7.92 5.89 2.23 7.32 6.75 4.96 2.14 5.64 5.09 3.80 2.00
5 min 13.28 12.15 9.18 4.22 11.18 10.19 7.68 3.84 8.29 7.52 5.73 3.44
10 min 25.65  24.33 18.56 13.72 21.13  20.20 15.52 11.98 15.11 14.68 11.39 9.78
Panel D: Gradual Jump with an Intermittent Flash Crash
B =0.45 B8 =0.35 B8 =0.25
Interval BV MedRV TRV DV BV MedRV TRV DV BV MedRV TRV DV
1 min 3.69 3.00 1.94 1.04 4.44 3.13 1.89 0.90 5.19 2.91 1.66 0.87
2 min 6.62 6.11 4.09 2.09 7.62 6.30 3.54 2.11 8.56 5.75 3.06 1.77
3 min 7.43 5.86 3.56 2.56 7.90 5.25 3.02 2.05 8.14 4.26 2.31 1.50
5 min 13.04 10.05 6.75 6.82 13.31 9.09 5.59 6.23 12.84 7.57 4.45 4.07
10 min 19.92 17.86 17.41 13.37 20.31 16.50 15.10 15.37 19.52 13.62 8.94 15.01

RMSEs (multiplied by 10%) of different TV estimators for 10000 days. We follow the persistent noise model of Andersen et al.
(2023) to simulate the three different patterns of episodic extreme return persistence. All range- and return-based estimators
are constructed from the simulated 1, 2, 3, 5, and 10-minute candlesticks. The choice of truncation parameters for TRV and
DV follows the instructions in Section 4.2, with (C"CPRV7 C?V, @) = (4,4v/2,0.49).
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C.3 Monte Carlo RMSE Results with Market Microstructure Noise

To evaluate the impact of market microstructure noise on the finite-sample performance of WV,
we augment the Heston model in Eq. (38) with an additive heterogeneous Gaussian noise term for
the simulation of all “transactions” (Euler steps), which follows the Monte Carlo simulations in
Ait-Sahalia et al. (2012) and Christensen et al. (2022):

0

Y;=X;+e6, €~N(0,w?), wherew :2\/N, (C.1)
fori=20,1,..., N. Besides the additive noise, we consider the rounding errors on the price level,
i.e., let the observed prices ¥ = eXit€ be further rounded to cents. The observed logarithmic

prices are given as

eXitei
Y; = In <[ o ] x 0.01> , (C.2)

where the function [z] rounds a number z to the nearest integer. We maintain the same parameter
choices as specified in Section 4.1.

We construct the WV estimator from both 1, 5, and 10-minute candlesticks. Apart from the WV
that requires only OHLCs for sparse intervals, we also consider established noise-corrected estimators
that utilize all noise-contaminated transactions, such as the pre-averaged realized volatility (PRV)
and bipower variation (PBV), as detailed in Jacod et al. (2009), Podolskij and Vetter (2009), and
Christensen et al. (2025). With all Euler discretization steps available, we replicate the ideal scenario
for a limited number of practitioners with access to ultra-high-frequency data.

Table C.4 reports the RMSEs of all selected IV estimators when there exists the heterogeneous
Gaussian noise in Eq. (C.1) at the tick level. The exaggerated RMSEs of the tick-level RV show
the impact of the simulated noise. For the WV based on only intraday candlesticks over sparsely
sampled intervals, it exhibits elevated RMSEs compared to the noise-free case (Table 2) when the
interval length is relatively small (1 minute). When the WV is constructed from 5-minute and
10-minute candlesticks, the RMSEs results are close or nearly identical to the noise-free case. When
there exists no extreme price movement, the tick-level PRV achieves the smallest RMSE, which is
consistent with the theoretical results under infill asymptotics, see, e.g., Theorem 1 in Christensen
et al. (2025). When jumps occur approximately once per week (A = 1/5), the tick-level PBV
shows the smallest RMSE, which verifies its robustness to discontinuities with noise-contaminated
observations. In both cases with H = 0, the WV shows nearly identical, small RMSEs, which
highlights the advantage of utilizing readily available intraday candlesticks. In the presence of
short-lived explosive trends, the WV constructed from one-minute candlesticks consistently achieves

the smallest RMSESs across all three scenarios.
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Table C.4: Monte Carlo RMSE results with market microstructure noise

Gradual Jump with an

H=0 Gradual Jump Flash Crash Intermittent Flash Crash
1% Data Type  Granularity No Jumps With Jumps B =0.35 B =0.35 B =0.35

RV Transactions Tick 74.41 76.43 77.29 78.63 77.41
1 min 1.00 1.01 0.81 0.70 0.75
WV(3) Candlesticks 5 min 0.98 0.98 0.87 1.04 0.89
10 min 1.30 1.31 1.27 4.72 1.29
1 min 0.93 0.94 0.80 0.70 0.75
WV(2) Candlesticks 5 min 0.86 0.86 0.87 0.92 0.88
10 min 1.14 1.15 1.25 1.96 1.28
Tick 0.17 6.80 6.83 7.12 6.58
PRV Transactions 1 sec 0.88 6.98 9.60 8.83 8.87
5 sec 0.81 6.91 12.19 10.99 10.86
Tick 0.18 0.25 1.03 1.47 1.12
PBV  Transactions 1 sec 0.88 1.13 4.73 5.12 4.46
5 sec 0.87 1.20 7.02 7.45 6.48

RMSEs (multiplied by 10%) of different IV estimators for 10000 days. We follow the persistent noise model of Andersen et al.
(2023) to simulate the three different patterns of short-lived explosive trends. The WV estimators are constructed from the
simulated 1, 5, and 10-minute candlesticks. The choice of truncation parameters for WV follows the instructions in Section 4.2,
with C; = 3 and 2 (represented by WV(3) and WV(2), respectively). The return-based estimators RV, PRV, and PBV are
constructed from the simulated ultra-high-frequency data at the tick level or under equidistant sampling at high granularity
levels. The pre-averaging window is k., = [0v/N| with § = 0.5.

C.4 Empirical Results: Additional Comparisons

Practitioners with access to the complete TAQ dataset can construct noise-robust IV estimators
with all tick-level transaction data. Table C.5 presents additional empirical results on volatility
forecasting to Table 4. With the same one-day-ahead forecasting targets, we compare the empirical
performance of HAR models with two sets of RHS predictors: (i) range-based estimators based on
summary information provided by 5-minute candlesticks, and (ii) the PRV and PBV estimators
constructed from full tick-level data. The out-of-sample performance across two subsets of days is
reported in Table C.6. Our findings reveal that the simple HAR-WYV model achieves nearly the same
level of predictability as HAR models augmented with pre-averaged estimators based on tick-level
transaction data. Furthermore, the smaller MSE results of HAR-WYV on days following extreme
price movements highlight the advantages of robustness in improving volatility forecasting accuracy.
Most importantly, the candlestick-based estimators provide significant practical benefits, including
ease of computation and dramatically lower requirement of data availability, which makes it a more

accessible and efficient option for general investors.
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Table C.5: Daily out-of-sample 5-minute HAR volatility forecasts

RV TRV \\AY%

MSE QLIKE MSE QLIKE MSE QLIKE
Panel A: RW Forecasts
HAR-RRV 2.38 0.35 1.47 0.36 0.90 0.25
HAR-OKV 2.19 0.35 1.35 0.36 0.83 0.25
HAR-WV 2.14 0.34 1.32 0.36 0.83 0.24
HAR-HWV 2.12 0.34 1.30 0.36 0.82 0.24
SHAR-WV 2.50 0.36 1.61 0.37 0.94 0.25
HARQ-WV 1.94 0.33 1.35 0.35 0.96 0.25
HAR-PRV 2.08 0.34 1.30 0.35 0.79 0.24
HAR-PBV 2.10 0.34 1.31 0.36 0.80 0.24
Panel B: EW Forecasts
HAR-RRV 1.76 0.33 1.08 0.35 0.66 0.24
HAR-OKV 1.64 0.32 1.00 0.33 0.61 0.23
HAR-WV 1.56 0.30 0.95 0.31 0.58 0.21
HAR-HWV 1.60 0.30 0.97 0.31 0.60 0.21
SHAR-WV 1.59 0.32 0.99 0.32 0.59 0.21
HARQ-WV 1.53 0.28 0.98 0.29 0.59 0.19
HAR-PRV 1.58 0.30 0.97 0.31 0.59 0.21
HAR-PBV 1.59 0.30 0.99 0.31 0.60 0.21

MSE (x10%) and QLIKE of daily out-of-sample volatility forecasts for the SPDR S&P 500 ETF Trust (SPY). The HAR
model is re-estimated via OLS with both rolling windows and expanding windows, respectively. All range-based estimators are
constructed from 5-minute candlesticks. The PRV and PBV estimators are constructed from all transaction prices at tick level.
The pre-averaging window is k,, = [§v/N| with § = 0.5.

Table C.6: Daily out-of-sample 5-minute HAR volatility forecasts on different subsets of days

RV TRV WV
Trading Days EPM +1 Other EPM +1 Other EPM +1 Other
MSE QLIKE MSE QLIKE MSE QLIKE MSE QLIKE MSE QLIKE MSE QLIKE
Panel A: RW Forecasts

HAR-RRV 4.59 0.39 2.01 0.35 2.77 0.43 1.25 0.35 1.29 0.29 0.84 0.24
HAR-OKV 3.48 0.38 1.97 0.34 2.17 0.42 1.22 0.35 0.98 0.28 0.81 0.24
HAR-WV 2.53 0.33 2.08 0.35 1.63 0.35 1.31 0.36 0.71 0.23 0.85 0.25
HAR-HWV 2.46 0.30 2.06 0.36 1.58 0.32 1.27 0.37 0.69 0.21 0.84 0.25
SHAR-WV 3.35 0.37 2.36 0.37 2.23 0.40 1.51 0.37 0.90 0.25 0.94 0.25
HARQ-WV 1.28 0.31 2.05 0.33 0.76 0.37 1.45 0.34 0.48 0.25 1.04 0.25
HAR-PRV 3.38 0.36 1.87 0.33 2.10 0.39 1.17 0.34 0.93 0.26 0.76 0.23
HAR-PBV 3.41 0.36 1.87 0.33 2.11 0.39 1.18 0.34 0.94 0.26 0.77 0.23
Panel B: EW Forecasts

HAR-RRV 3.04 0.39 1.55 0.32 1.74 0.42 0.97 0.34 0.81 0.28 0.64 0.23
HAR-OKV 2.36 0.38 1.52 0.31 1.39 0.41 0.94 0.32 0.62 0.27 0.61 0.22
HAR-WV 1.89 0.31 1.50 0.30 1.11 0.29 0.92 0.31 0.48 0.21 0.60 0.22
HAR-HWV 1.84 0.27 1.56 0.30 1.11 0.29 0.95 0.32 0.46 0.19 0.62 0.21
SHAR-WV 1.73 0.34 1.57 0.31 1.07 0.36 0.98 0.32 0.46 0.23 0.61 0.21
HARQ-WV 1.55 0.30 1.53 0.26 0.92 0.31 0.99 0.27 0.37 0.21 0.63 0.19
HAR-PRV 2.23 0.36 1.48 0.29 1.31 0.38 0.92 0.30 0.58 0.25 0.59 0.20
HAR-PBV 2.23 0.36 1.49 0.29 1.31 0.38 0.93 0.30 0.58 0.25 0.60 0.20

MSE (x108) and QLIKE of daily out-of-sample volatility forecasts for the SPDR S&P 500 ETF Trust (SPY) on (i) days that
follow extreme price movements identified on preceding days (“After EPM”), and (ii) all remaining days. The existence of jumps
or excessive return drift is identified with the Hausman test in Eq. (35). The HAR model is re-estimated via OLS in rolling
windows and expanding windows, respectively. All range-based estimators are constructed from 5-minute candlesticks. The
PRV and PBV estimators are constructed from the all transaction prices at tick level. The pre-averaging window is kn, = [0V N
with § = 0.5.
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C.5 Empirical Results: Model Confidence Sets

Table C.7 reports the MCS p-values for our selection of volatility models at two confidence levels,
75% and 90%, based on both loss functions MSE and QLIKE.

Table C.7: MCS p-values for daily out-of-sample 5-minute HAR volatility forecasts

RV TRV WV

MSE QLIKE MSE QLIKE MSE QLIKE
Panel A: RW Forecasts
HAR-RV 0.639** 0.155%* 0.562%* 0.185* 0.550** 0.078
HAR-BV 0.671** 0.124* 0.635%* 0.185* 0.573** 0.079
HAR-MedRV 0.671%* 0.182* 0.711%* 0.268%* 0.712%* 0.113*
HAR-TRV 0.569%* 0.437** 0.557** 0.822%* 0.526** 0.988**
HAR-DV 0.561** 0.386** 0.562** 0.576** 0.672%* 0.924**
HAR-RRV 0.623** 0.410%* 0.557** 0.739%* 0.526** 0.809**
HAR-OKV 0.760** 0.437** 0.964** 0.822** 0.946** 0.782**
HAR-WV 0.761** 0.437** 0.964** 0.822** 0.946** 1.000**
HAR-HBV 0.639%* 0.297** 0.581** 0.471%* 0.578** 0.224*
HAR-HDV 0.569%* 0.437** 0.557** 0.822%%* 0.526** 0.988**
HAR-HWV 0.761** 0.437** 1.000** 0.822** 1.000** 0.988**
SHAR-RV 0.561%* 0.124* 0.557** 0.283** 0.526** 0.412%*
SHAR-WV 0.623** 0.117* 0.964** 0.283** 0.946** 0.876**
HARQ-RV 0.761** 0.647** 0.711%* 0.957** 0.943** 0.877**
HARQ-WV 1.000** 1.000** 0.964** 1.000** 0.943** 0.972%*
Panel B: EW Forecasts
HAR-RV 0.707** 0.000 0.553** 0.000 0.490** 0.000
HAR-BV 0.698%* 0.000 0.592** 0.000 0.536** 0.000
HAR-MedRV 0.782%* 0.000 0.717%* 0.000 0.634** 0.000
HAR-TRV 0.831** 0.009 0.853** 0.003 0.647** 0.000
HAR-DV 0.583** 0.004 0.553** 0.002 0.561** 0.000
HAR-RRV 0.716** 0.000 0.557** 0.000 0.487** 0.000
HAR-OKV 0.739%* 0.000 0.668** 0.000 0.535** 0.000
HAR-WV 0.868%* 0.014 1.000%** 0.004 0.647** 0.005
HAR-HBV 0.729** 0.000 0.612%* 0.000 0.555%* 0.000
HAR-HDV 0.735%* 0.009 0.717** 0.003 0.647** 0.003
HAR-HWV 0.768%* 0.010 0.853** 0.012 0.634** 0.013
SHAR-RV 0.376** 0.000 0.477** 0.000 0.485%* 0.000
SHAR-WV 0.868** 0.000 0.929** 0.000 1.000** 0.000
HARQ-RV 0.831%** 0.956** 0.853** 0.691** 0.647** 0.012
HARQ-WV 1.000** 1.000** 0.887** 1.000** 0.647** 1.000**

MCS p-values for our selection of volatility models. p-values marked with * and ** are included in MCS at confidence levels
75% and 90%, respectively. We consider both MSE and QLIKE as loss functions, and estimate the bootstrap distributions of
the range test statistics, each with 5,000 replications and a block size of \_\3/ M| =13 days.
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In addition to Table C.7, we conduct two MCS exercises on selected subsets of models. Table C.8
reports the MCS based on both MSE and QLIKE for all simple HAR models estimated with

(i) Return-based estimators: RV, BV, MedRV, TRV, and DV;
(ii) Range-based estimators: RRV, OKV, and WV.

Table C.9 extends the subset by adding
(iii) Hybrid estimators in the form of Eq. (49): HBV, HDV, and HWV.

These supplementary MCS results are restricted to simple HAR models. All HAR extensions such
as HARQ and SHAR are excluded.

Table C.8: MCS p-values for daily out-of-sample 5-minute simple HAR volatility forecasts

RV TRV \\AY%

MSE QLIKE MSE QLIKE MSE QLIKE
Panel A: RW Forecasts
HAR-RV 0.376** 0.086 0.387** 0.116* 0.346** 0.037
HAR-BV 0.378** 0.084 0.445%* 0.116* 0.346** 0.042%*
HAR-MedRV 0.378%* 0.106%* 0.445%* 0.163* 0.508%* 0.055%*
HAR-TRV 0.348%* 0.751%* 0.372%* 0.961%* 0.327** 0.933**
HAR-DV 0.348** 0.729** 0.445%* 0.617%* 0.508** 0.649**
HAR-RRV 0.348** 0.693** 0.372%* 0.617** 0.327** 0.500%*
HAR-OKV 0.702** 0.751** 0.998** 0.961** 0.977** 0.500%**
HAR-WV 1.000%* 1.000%* 1.000** 1.000%* 1.000** 1.000%*
Panel B: EW Forecasts
HAR-RV 0.439** 0.000 0.373** 0.000 0.490** 0.000
HAR-BV 0.439** 0.000 0.434** 0.000 0.536** 0.000
HAR-MedRV 0.439** 0.000 0.434%* 0.000 0.634** 0.000
HAR-TRV 0.439** 0.033 0.434** 0.040 0.647** 0.001
HAR-DV 0.357%* 0.015 0.434** 0.017 0.561%* 0.001
HAR-RRV 0.439%* 0.000 0.434** 0.000 0.487** 0.000
HAR-OKV 0.439** 0.000 0.434** 0.000 0.535%* 0.000
HAR-WV 1.000%* 1.000%* 1.000%* 1.000%* 0.647** 1.000**

MCS p-values for our selection of simple HAR models. p-values marked with * and ** are included in MCS at confidence levels
75% and 90%, respectively. We consider both MSE and QLIKE as loss functions, and implement the bootstrap with 5,000
replications for each pairwise test and a block size of L\S/ M| = 13 days.
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Table C.9: MCS p-values for daily out-of-sample 5-minute simple HAR volatility forecasts

RV TRV \\AY%

MSE QLIKE MSE QLIKE MSE QLIKE
Panel A: RW Forecasts
HAR-RV 0.550%* 0.113* 0.465** 0.158* 0.441%* 0.058
HAR-BV 0.550%* 0.093 0.465%* 0.158%* 0.449** 0.072
HAR-MedRV 0.550** 0.138* 0.502** 0.235* 0.499** 0.087
HAR-TRV 0.433** 0.880** 0.452%* 0.977** 0.407** 0.990**
HAR-DV 0.428** 0.835%* 0.465%* 0.740** 0.499** 0.893%*
HAR-RRV 0.452%* 0.747%* 0.447** 0.746** 0.407** 0.674%*
HAR-OKV 0.815** 0.880** 0.831** 0.977** 0.865** 0.667**
HAR-WV 1.000** 1.000** 1.000** 1.000** 1.000** 1.000**
HAR-HBV 0.550** 0.361** 0.465%* 0.459** 0.449** 0.171*
HAR-HDV 0.433%* 0.562%* 0.452%* 0.847** 0.407** 0.990**
HAR-HWV 1.000** 0.880** 1.000** 1.000** 1.000** 0.990**
Panel B: EW Forecasts
HAR-RV 0.569** 0.000 0.456** 0.000 0.359** 0.000
HAR-BV 0.562%** 0.000 0.484** 0.000 0.380** 0.000
HAR-MedRV 0.570%* 0.000 0.521** 0.000 0.486** 0.000
HAR-TRV 0.570%* 0.083 0.567** 0.108* 0.465%* 0.001
HAR-DV 0.442** 0.030 0.521** 0.004 0.412%* 0.000
HAR-RRV 0.570** 0.000 0.484** 0.000 0.372%* 0.000
HAR-OKV 0.570** 0.003 0.521%* 0.000 0.420** 0.000
HAR-WV 1.000%* 1.000%* 1.000%* 0.945%* 1.000** 0.836%*
HAR-HBV 0.570** 0.000 0.491** 0.000 0.420** 0.000
HAR-HDV 0.570** 0.083 0.521** 0.108* 0.581** 0.001
HAR-HWV 0.570** 0.953** 0.567** 1.000%* 0.581** 1.000%*

MCS p-values for our selection of simple HAR models. p-values marked with * and ** are included in MCS at confidence levels
75% and 90%, respectively. We consider both MSE and QLIKE as loss functions, and implement the bootstrap with 5,000
replications for each pairwise test and a block size of L\3/ M| = 13 days.
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