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Appendix A Proofs

Notation. For a vector z, ||z|| = />, [#;]? is the Euclidean norm (fo-norm), ||z| = Y, |z;| is
the ¢1-norm, and ||z||cc = max; |z;| is the maximum norm ({s-norm). For a matrix A, |Alr =
\/2i 2 [Aqj|? is the Frobenius norm, and || Al = supj,—; [|Az|| is the operator norm, which is
the square root of the largest eigenvalue of the symmetric matrix AT A. For a symmetric positive

definite matrix A, Apax(A) and Apin(A) denote its largest and smallest eigenvalues, and it holds
that (Amin(A))~! = ||A7L||. For a square integrable function f: [0,7] — RP, ||f|/z2 = \/fOT | fslI2ds

is the L?-norm over [0,7], where || - | inside the integral is the Euclidean norm on RP, and

1/2
| £ll2e) = (F £)e%, where (£,g)c = [§ £ esgads.
In all the sequel, the positive constants {K, K’,...} may change from line to line (and even

within a line) but never depend on n or other indices.

Localization. With a standard localization procedure (see, e.g., Lemma 4.4.9, Jacod and Protter,
2012), we impose the following stronger assumption than Assumptions 1 and 2 without loss of

generality:

Assumption A.1. We have Assumptions 1 and 2 with 71 — co. Moreover, the processes 3, 37, b,

b, W, 08, 0,5, o, 0P, ¢, and the functions 6, 5, 8', 67 are bounded.

Throughout the remainder of Appendix A, references to any part of Assumptions 1 and 2 are
understood as its strengthened version under Assumption A.1.
A.1 Properties of B-Splines

Fix an integer degree d > 1 and the partition 0 =vg <v; <...,vn,4+1 =1T1. Let K;, = N, +d+1

and define an extended knot sequence

vo=--=0v3=0, VUd4j = Vj (fOI‘jZl,...,Nn), UN, 4d+1 =" = UK, +d = 1. (Al)

We define B-spline basis function Bt(k) = Bc(lkt) by the Cox-de Boor recursion:

1 ift € lop_1,0
B = OV 1 Kt d, (A.2)
7 0 otherwise
and Bﬁ? forallr=1,...,dand k=1,...,K, +d— r are calculated recursively from degree 0:
k t— Up_q k Uggr — t k+1
B = B+ B, (A.3)

Vpgr—1 — Ug—1
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where

t— Vg (k) o _

= — B, =0, i Opyp1 = Vp—1;

Vktr—1 — V-1
Ugtr — b L (k+1)
———B. =0,
Vtr — Uk

(A.4)

The B-spline basis functions Bt(k) have the following properties (de Boor, 1978):

@) B" >0

(ii) Partition of unity: E,If:"l ng) =1
(iii) Local support: Foreachk =1,..., K,, ng) is nonzero only on an interval covering at most d+1
consecutive knot intervals. For any function f, define its support as supp(f) = {t : f(t) # 0},

and denote by |[a,b]| = b — a the interval length. Therefore, it holds that

k - K —
lsupp(B®)| < (d + 1)H, < K}, where H,, = 1§jm§(}iv)i+1(vj —vj_1), (A.5)
by the quasi-uniformity of partitions. Equivalently, for any ¢ € [0,7], at most d + 1 basis
functions in {Bt(k)}kK:"1 are nonzero, i.e., [{k: Blgk) >0} <d+ 1.
(iv) (Lemma A.1, Huang et al., 2004). Let g = EkK:”l Bt(k)’y(k) with (%) = ('y§k), e ,’y;(;k))T € RP
and v = ()T, ..., (%) T)T € RPEn. Then it holds that for any ~ € RPEn,

n

P 2
[&]
lolF2 = D llgsliFa = S (A.6)
j=1

A.2 Proof of Lemma 1

Under Assumption 1 (iii), ¢ is bounded and nonsingular, i.e., there exist constants 0 < Kk <K < 00
such that for all z € RP and any t € [0,77], it holds that

slz|? < @'er <F|z)? (A.7)
and thus implies the norm equivalence, i.e., for all measurable f : [0,7] — RP,

VEN 2 < Ifllzeqe) < VARSIl 2. (A.8)

Therefore, by definition of the L?(c)-orthogonal projection, for any g € G,,,

1 1 K
18 = TnfBl| 2 < ﬁllﬁ — Bl 2 < ﬁHB = 9ll2() < \/Ellﬂ — 9l (A.9)
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Hence it suffices to construct a single 8 € G,, that satisfies

_ 1 "
Hﬁ—ﬁl!m=0p< ff ) (A.10)

We consider a specific 3 as a local spline approximation, i.e. the quasi-interpolant (Chapter XII,
de Boor, 1978): For each k = 1,..., K, choose an arbitrary 7(*) € supp(B*¥)), and define

K”
B,=> B.wBY, (A.11)
k=1

which satisfies 3 € G,, by construction, and it remains to bound |3 — 3||2. The local support
property of B-splines (Appendix A.1 (iii)) implies that, whenever Bt(k) > 0, [t—7®)| < |supp(BW)| <
(d+1)H, < K 1.

We denote by 3¢ the continuous component of 3, and 57/ = 3 — 3¢ collects the jumps:
t t _ t
B = Bo +/ Wds +/ oBaw?, B = / 68 (s, )P (ds, dx). (A.12)
0 0 0 Jre

Let ° and Bj denote the corresponding quasi-interpolants (on the same knots) of 3¢ and 7, and
thus 3 = B° + B by linearity of Eq. (A.11). By the triangle inequality,

18 =Bl < 1185 = BCllz + 187 = B |12, (A.13)

and we bound the two terms separately.
We start with ||3¢ — 5| ;2. Define the modulus of continuity of 3°:

wge(h) = sup |IBF — Bl (A.14)
$,6€[0,T]
[t—s|<h
By the convexity of the norm and ZkK:"l ng) =1, for any ¢ € [0,T],
= &n k o, k
187 = Byl < (D285 — B2 B | < D187 = B B < wpe((d + 1) Hy), (A.15)
k=1 k=1
and thus
18 = B|l12 < VT S[UPT] 18f = Byl < VTwge((d+ 1) Hy). (A.16)
telo,

To calculate the asymptotic order of wge(h), we decompose ¢ = A + M with

t t
Ay = o —i—/ blds, My = / oBaw?. (A.17)
0 0
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Under Assumption A.1, for |t — s| < h,

walh) = sup |4~ Al <
5,t€[0,T]
i—s|<h

< Kh. (A.18)

t
/ 1651

Moreover, M is a continuous local martingale, which is a time-changed Brownian motion by the

Dambis-Dubins-Schwarz theorem. By Lévy’s modulus of continuity for Brownian motion, it holds

that when A — 0,
1
wy(h) = sup ||My— M| =0O,|1/hlog—]. (A.19)
s,t€[0,T] h

[t—s|<h

wge(h) <wa(h) +wrp(h) =0, <\ [ hlog 2) . (A.20)

Taking h = (d + 1)H,, < K, by Eq. (A.16), it holds that

—c log K,
IIBC—5||L2=0p< 9 ) (A21)

Therefore, we obtain

Next, we verify that ||/ — BjHLz = Op(Ky T2 ). Define Vj;([a, b]) the total variation of 57 on

the interval [a, b], i.e

Vi ([a, b)) / / 16 (s, )| ° (ds, da). (A.22)

Then for any s,t € [a,0], 8] — B| < Vs ([a,b]). Therefore, whenever B ) >0, 16 — ﬁ] <
Vi (supp(B™®)). By the convexity of the norm, ZK” B(k) =1, for any ¢ € [0, 7],

18/ -Bl< S 18 -AuB < S BPVai(supp(BW)). (A.23)

ke{k:B) >0} ke{k:B) >0}
By the Cauchy-Schwarz inequality and [{k : Bt(k) >0} <d+1,

16/ Bl < (@+1) > VE(supp(B®)). (A.24)
ke{k:B" >0}

Therefore, we have

L T o Kn T
189~ F I = [ 16 - Bl < @+ D)3 V3 Gupp(BD) [ 10y
" =1 " A.25
Kn Kn ( * )
< (d+ 1)|supp(B™)| > VZi (supp(BW)) < (d+1)*Hy, Y V3, (supp(BW)).
k=1 k=1
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Since supp(B (k)) covers at most d + 1 knot intervals and each knot interval belongs to the supports

of at most d + 1 B-splines,

K, Nat1
> Vi (supp(BM)) < (d+1)* Y Vi ([vj-1,v5])
k=1 j=1
o , (A.26)

<(@+1*| Y Va(lvinu]) | < (d+1)*VE([0,T)).
j=1

Therefore, under Assumption 2, Vg;([0,T]) = Op(1), and
18 = B'llze < K V/HL Vs (0.7]) = Op(K, ). (A.27)
Combining Egs. (A.13), (A.21) and (A.27) leads to Eq. (A.10). This completes the proof.

A.3 Proof of Theorem 1

Identifiability. We start with the identifiability of 4 by verifying that RTR is nonsingular. We
first prove that the theoretical Gram matrix is positive definite, and then show that the theoretical
and empirical Gram matrices are uniformly close over the estimation space, such that the empirical
identifiability holds with 4 uniquely defined; see Section 2 in Huang (2003) for further details.

Define the matrix R as the theoretical counterpart of R:

Sy axg, e fReBEYaxg, e [RBYaxg, - [ BEY axg,
B fiin Bgl) dXis . zfn BéKn) dXis . zfn Bgl) dXﬁ,s . zfn BgKn) dXﬁ,s

R =

VANY (1) c nlAnp (Kn) c nAn, (1) c nAn (Kn) c
ndn o BWAxg, e [rAn o BEaxg e [y B dXg, - [, B dxg,
T

[7ANY
= ( / BjdX,‘j) € R<PKn, (A.28)
(

i=1)An 1<i<n

and the corresponding Gram matrix is R'R. Let 9t = (911, - - ,gpﬂg)—r with g;; = ZkK:"l B§k)v§k)

for any v§k) €Rand v = (v%l), e ,U§Kﬂ), e ,vz(,l), e ,v]E,K"))T € RPE» and ¢ € G,, by construction.
By the properties of B-splines (Appendix A.1 (iv)) as well as bounded and nonsingular ¢, as A,, — 0,

T p 2 P Kn
e v k
v'R"Rw —>/ g4 csgsds =< g g;l132 = HKH , where ||v||* = E E (vj( ))2, (A.29)
0 . n :
7j=1 Jj=1k=1

which implies that R'R is positive definite. The standard law of large numbers (LLN) result for
truncated functionals (Theorem 9.2.1, Jacod and Protter, 2012) implies that, with u, < A% for

OA.6



some 0 < w < 1/2,
T
v R"Rv / g csgsds, (A.30)
0

as A, — 0. By Lemma A.2 in Huang et al. (2004), it holds that

v ' RTRwv _

Sup | —=—e—
vTRTRv

9€Gy,

1‘ = 0,(1), (A.31)

if A, K, log K, — 0. Therefore, the empirical Gram matrix R R is nonsingular and 7 is uniquely
defined with probability approaching one.
By Egs. (A.29) and (A.31), for some €, = 0,(1) and 0 < ¢, < 1 with probability approaching

one,
[v]?
K,

v'RTRv > (1 —¢,)v RTRv < (1 —¢,) (A.32)

Let ||v|| < 1, the eigenvalue bound of Rayleigh quotient implies that Apin(RTR) > K/K,,, and thus
[(RTR)7Y = Amin(RTR)) ™! = O,(K,,). A similar but reverse inequality to Eq. (A.32) indicates
that Amax(RTR) = O, (K1) and |R| = v/ Amax(RTR) = Op(K,, */*). The probabilistic bounds

for [(RTR)™!|| and ||R|| will be used in the following proofs.

Consistency of B . The truncated increment of Y in Eq. (1) over the i-th interval is

iAn
Y, = / CdXi+ Y (BL)TAXGHATZ | Lgaryicun)
(

i=1)An (i—1)Ap<s<ilAn
iAp - iAn T
= / Be dXS | Ljary|<u,} + / es AX | Tjany|<u,}
(i—1)An (i—1)An (A.33)
3:(: Ui
+ Y. (BLTAX | Tyaryicun + AT Z1gapyi<un)

i—1)An<s<ilp
(i—1)Ap<s<iA 2

J;
where B = B~y is the spline approximation of 5, and e; = B;— — Et-

Remark A.1 (Predictability). Note that, since H = 5 or e is not predictable, whenever we write
the stochastic integral [ H]dX¢, it is understood as [(PHs)'dX¢, where PH is the predictable
projection with PH, = E[H,|F,_] for all predictable times 7; see Theorem 1.2.28 in Jacod and
Shiryaev (2013).

Since f;_ is predictable under Assumption 1 (i), by Proposition 1.2.18 in Jacod and Shiryaev
(2013) and linearity of predictable projection, it holds that P3,_ = P ET + Pe, = B,_. In particular,
we will apply the It6 isometry and the Burkholder-Davis-Gundy (BDG) inequality to P H. Moreover,
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by Jensen’s inequality, ||PHs||? < P(||Hs||?), and thus whenever we use It6 isometry,

T 2
([ )
0

by the boundedness of ¢ under Assumption A.1.

E =E T(pHs)Tcs(pHs)ds < KE THHsH?ds = KE[|H||%,]. (A.34)
0 0

Then, by Eq. (18),
5-v=R'R)"RT(Y-Ry)+U+J+7). (A.35)
To prove || 8- B2 = op(1), we verify that the following four components are all 0,(1):

18— Bllz2 < 18— Bllzz + llell 2
< [BRTR)'R"(Y —R7)|z> + |B(R'R)'R"U|| 2

Ay Ao (A36)
+ |[BR'R)'R'J|2 + |BR'R)"'RZ| 1> + ] 2,
As Aq

where ||e]|;2 = 0p(1) by Lemma 1.

We start with two lemmas. Lemma A.1 is a result from the properties of B-spline basis functions
and will be used to derive probabilistic bounds for the components listed above. Lemma A.2 provides
some results regarding the truncation technique of Mancini (2009), and will be used repeatedly in

subsequent proofs.
Lemma A.1. For any vector » € R*, [B(R'R)"'Rr||;» < KVEK,|R 7| < K'|r].

Proof of Lemma A.1. Tt holds that, by Appendix A.1 (iv) and the Cauchy-Schwarz inequality,

IBRR)'R w7, < K, |[R'R)Rr|* < KK |(RTR) ™R |”

(A.37)
< K'Ka|R|P|lrl* < K",
where |[(RTR)™Y|| = 0,(K,) and |[R|| = O,(K, /*) from Eq. (A.32). O
Lemma A.2. Let u, < A% for some 0 < w < 1/2. Then, as A,, — 0,
(i) P(|A?X| > un) < KApu,”, P(IATY| > uy,) < KApu,";
(i) [AFX — AFXCPLyjarx)<un) = Op(Anuy ).
Proof of Lemma A.2. (i) Under Assumption 1 (v), it holds that for 0 < u < 1,
/ A(dz) < u_T/ (Jo(s, )" ADA(dz) <u™ [ f(z)A(dz) < Ku™", (A.38)
{hol>u} RP RP
/ 16(s, 2)[2A(dz) < w2~ / (16(s, 2)|[" A DA(dz) < Ku2~". (A.39)
{lloll<u} RP
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[16(s,x)l|
16(s, @) A(da) = / 16, @) L300, <o () = / ( / 1(yen dy> A(dz)
/{5”9} . {5l <u) A fy<u}

= / ( / Il{né(s,x)||>y}A(0596)> dy —u / L{j6(s,2) | >upA(d)
0 RP Rp

< / ( / Il{n&(s,ac)||>y}A(dJU)> dy
0 RP

< [oray [ (o a DA

< ( s fm(x)/\(da:)> /0 ’ y "dy < Ku'™".

Define the count of large jumps and the sum of small jumps with the cutoff level u,,:

N'Ln Un :/ ' / 1 s,z)|| >un ds,dz),
Wn) = J o a Sy TISGNZu (05, )

iAn
Sit(up) = / / 0(s,x)u(ds,dz),
(i=D)An J{||6]|<un}

and consider the following event decomposition:

Bn = {IATX ] > wn, A7X) < 55 NP (S) =0}, BE = {IA7X > un}\En.

By the triangle inequality, on E,,

Un n nyc n nyc u
M5 = harx - arxe = jarx - jarxe) > 2
so that {||ATX]| > un} C {||SM(un/2)|| > un/2} U EL. Therefore,

POIATX > un) < B (JA7XC) > 50) + B (NP () > 1) + 2|

u u
(51> %)
*\2 ” 2/
so it suffices to bound all three probabilities on the right-hand side in Eq. (A.45).

Choose any g > 2 that satisfies ¢ > , and it holds that

1/2

EfA7 X)) _

P(larxe] >3 < < KAY?u,9 = o(Aguy").

T (un/2)1

by Markov’s inequality and the BDG inequality. Then, by Eq. (A.38),

iAp
r(0(g) =) <spoCpl) ez ([, wf,,,e] <o

By subadditivity of the Euclidean norm,

iAnp
s+ (3 )] < /u—l)An /{||5SUn/2} ot )l )
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and Markov’s inequality implies that

P (\ S?(u?") H > %) <P (/(AM /{wgun/z} 16(s, 2) || u(ds, dz) > “2">

N (A.49)
< EE [/ ds/ H(S(S,J;)Hx\(daj)] < KAyu,",
Un (i=1)An {llsl|<un/2}
by Eq. (A.40). Combining Eqgs. (A.46), (A.47) and (A.49) in Eq. (A.45), we obtain
P(IALX] > un) < K Anuy” (A.50)

We write ATY into

iAn iAp
AMY = / B _bsds + / Bi_osdWs + > (BIH)TAX, + ATZ,  (A51)

Y 1
INSQO ATy

and by the triangle inequality,

PIAYY| > uy) <P (|A?y(1), N %) 4P (\A?Y@H - %)

o, U, (A.52)
+P (|A?ZC\ > Z) +P (|A?Z —AMZY > Z) .
By bounded 8 under Assumption A.1 and the BDG inequality, for any g > 2,
iAy Q/Q
E|A7Y )Y < KE (Ai + / 187 asn%zs) < K'AY?. (A.53)
(i_l)An
Then by Markov’s inequality,
E[’Any(l)’q] _ _ 1—owr
P(japy ™) > ) < SR S < KAL 201 = oAy, ifg>—— " (A54

which is always possible because 0 < w < 1/2 and 0 <r < 1.
By bounded 87 under Assumption A.1, there exists some deterministic M > 0 such that

ATY @) < > IBZIAX|| < M > |AX]], (A.55)
(i—=1)Ap<s<il, (i—=1)Ap<s<iln,
and thus
P(1ary®) > ") < (Np(sm) 2 1) 4 (/A / 16(s, 2) | (s, dr) > ;:;)
(i-1)A, {”(SHSUn/SM}
< KApu,", (A.56)
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which follows the same steps as in Eq. (A.47) and the second inequality in Eq. (A.49).

For the last two terms in Eq. (A.52), we apply the same arguments to the one-dimensional It6
semimartingale Z under Assumption 1 (vi). Combining them, Eqs. (A.54) and (A.56) in Eq. (A.52)
leads to

P(ATY] > u,) < KApu,". (A.57)

This completes the proof of Lemma A.2 (i).

(ii) We consider the following event decomposition:
IAPX]) < tn} = (JAPX] <t |APXC] < 4} U {JAPX <t |ADXC > ). (A58)

For each i, on the event {||AX|| < u,, |A?X€|| < u,},
|AFX = AFXE < JAFX] + [[A XY < 2un, (A.59)

and thus

IAFX = APXC|PLganx<uy < IAFX — AP X2 1)an x—an xe|<2u,

v
. (A.60)
+ [AFX = AP X L anx)<un Ljarxe)>u, -
Vi(Q)
For Vl.(l), since the function = — = A a is subadditive,
iAn 2
VY < (JAPX — APXC| A 2u,)? < ( / / (118(s, z)[| A 2un)u(ds, dm)) : (A.61)
(i—-1)A, JRP
Hence, using (a +b)? < 2a? +2b% and p=v + (u — v),
in, 2
v <2 | ([ [ (18l A 20— v)(ds.de)
(i—1)A, JRP
(A.62)

i, 2
+2E </(i1)An /Rp(Hé(s,m)H A 2un)u(ds,daz)>
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For the first term in Eq. (A.62), by the It isometry for compensated Poisson integrals,

iAp 9
E [(/(“)An /Rp(llé(s,x)H A 2u) (1 — V)(ds,dx)) ]
iAn - w2u(ds. da
/(i—l)An /]RP<H5( )| A 2un)"v(ds, d )]
A

/ ds ( / 16(s, )2\ (dz) + e / A(dm))]
-8, \JusI<2un) {51520}

2—
S KAnun T?

=K

IN

E

by Egs. (A.38) and (A.39). For the second term in Eq. (A.62), by Jensen’s inequality,

Ay 2
(- o]
1Anp

<o E_</Rp<ua<s,x>uAzun>A<dx>)2] ds

E

(i—1)An
iAn [ 2
<A, E / 16(s, 2) | A(d) + 2un / Mdz) | | ds
G-0an | \J1isl<2un) 161520}
iAn
< KA, w2 ds = KA2u272",
(i—1)An

by Egs. (A.38) and (A.40). Combining Eqgs. (A.62) to (A.64), we obtain

B[V < KAu2 " + K'A2u2 7 < KA u2™"

n
For Vi(2)7 on the event {||ArX|| < uy, [[ATXC|| > up},
|AZX — APXY) < un + | ATXC] < 2 A7,

and thus E[V;(Q)] <4E [HA?XCHQH{”A?XCDW}}. It holds that, for any ¢ > 2,

|
E | I1A7 XL gap xejsu)] <E |IA?XCH2< i
n n

APXNF _ EllAPXe])
[ S [

by the BDG inequality. Therefore,
2 1—wr

(27 « Aa/2,2—0 — :
E[‘/z ] —An un O(Anun )7 lfQ> 1/2_w7

which is always possible because 0 < w < 1/2 and 0 <r < 1.

0OA.12
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Finally, by Eqs. (A.60), (A.65) and (A.68),
E[IlA7X = AZXPLan x <y | = OBnud ™), (A.69)
and thus, by Markov’s inequality,

IATX — APXC* T anx<un} = Op(Dnup ). (A.70)

This completes the proof of Lemma A.2 (ii).

O
Next, we verify that A;, A2, Az and As in Eq. (A.36) are all o,(1):
(i) A1 = 0p(1). We consider a further decomposition Y=Y Y2
Y(l) 5(1 DA, A XE Lgary|<uns (A.71)
v (2) iBn P > T
Y," = /( A (Bs — B(i—l)An) dX; H{\A?Y\Sun}' (A.72)

The i-th element in Y(!) — R~ is given by

Bl 1) an AT X Taryi<unt — B 1ya, AFXL{janx||<un)
= Bina, AT XS (1{|A?Y|Sun}_]l{HA?XIISun}) Bl na, (AFX = AFX)(janx|<u,}s (AT3)

MW M
and thus N n n
YD — R = 3o = M) <23 (") 4 23 (M) (AT4)
i=1 i=1 i=1

For Mi(l) and MZ.(Z)7 since HEHOO is bounded by de Boor’s conjecture (see, e.g., de Boor, 1973; Shadrin,
2001), it holds that, by the BDG inequality and Lemma A.2 (i),

S EIMP) < K YE (187X (Lyagvicu. — Lgarxisen )|
i= 1=1

<KZE[ [1A7 X[ Fi-1)a ](H{M?Y\Sun}—H{HA?XHSM})] (A.75)

< K’AnZ(P(\A?Yl > un) + P([|A7 X > un))

< K"Apu,” = o(1),
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and, by Lemma A.2 (ii),

ZE [(MP)?) <KZE[;A"X A”XCHH{HMX\\%}] Kuy™" = o(1). (A.76)
1=1

Therefore, E[|[Y®) — R|[2] = o(1), and thus [Y®) — Ry| = 0p(1) by Markov’s inequality.
Next, we verify that [|[Y®)]| = op(1). By the Ito isometry (see Remark A.1) and bounded c,

B[ Y@ <KZ / EllIB — Bu_na, |2)ds. (A77)

Since E is absolutely continuous and has bounded derivative on [0, 77,

185 = Bi-nyanll < (s = (i = DA)[Floo,  where [|§]|oc = i 1B;I, (A.78)

s€[0,T

and B; stands for the derivative of 3 on s. By Eqgs. (A.77) and (A.78),

BT < KE(IF Z / ~ (= 1)A)ds
- - A79
< KE[IFIZ)Y /( . Alds = KE[|FI) iy (A.79)
=17 = i=1
< K'ACE(|15)13) = O(AiKEL) = o(1).
because ||| = O »(Ky) and A, Ky, log K, — 0, and thus IY®| = op(1) by Markov’s inequality.

By Lemma A.1, it holds that

A< |BRTR)T'RT(YW — Ry 2 + [BRTR)'RTY®) 2

— (A.80)
< K|YW =Ry + K'[YP] = 0p(1).

(ii) Az = 0p(1). Conditional on a o-field G = o(es : 0 < s < T), it holds that E[||U[|*|G] < K|le||?,
by the I[t6 isometry and bounded c. Fix € > 0. For any n > 0, it holds that by Chebyshev’s inequality,

PO > &) <P(llell 2 > n) + P([U[| > &, [le]| .2 <)

E[UIPLgje) 2 <n}]
52
EE[[UI*G]11 el 2 <n}]
52
Elllell21je] 2 <ny]
52

P(llell > >

P(llellrz > n) +

(A.81)

< P(lellrz >n) + K

n2
Pllelz > n) + K%,

OA.14



where P(|le]|,2 > n) — 0 since |||,z = 0,(1) by Lemma 1. Let n | 0, and then ||[U|| = o,(1).
Therefore, Ay < K||U|| = 0p(1) by Lemma A.1.

(iii) As = 0p(1). We define a vector J € R" with the i-th element

Ji = Jilgarx|<un) = > (BLTAXS | Tganyi<u Ljarx)<uny- (A.82)
(i—1)Ap<s<iAn

Because the design matrix R already includes the same truncation 1y APX||<un} for covariate
increments, we have RTJ = R'J. Hence, by Lemma A.1, it holds that

A3 < KVELRTI| = KVE,|RTT| < K)[3]. (A.83)

so that it suffices to show that ||J|| = 0p(1). By bounded 37 under Assumption A.1, it holds that

2 2

Ji* < > IBLINAXG] ] Tanx)<u,) < K > [AX | Lgarx)<un)
(i—1)An <s<ilAn (i—1)An<s<iln

iAn 2
<K </ ||5(8,9:)Hu(ds7dx)> Ljarx|<un)
(i-1)A, JRP

iAn iAn 2
<K </ / (I6(s, 2)|| A 2up)u(ds, dx) + / / H(S(s,x)Hu(ds,dx)) L{jar x| <un}
((=D)An JRY (i=1)Ap J{8]>2un}

A 2
< oK ( / / (115(s, 2)]| A 2un>u<ds,dm>) L) ar x| <)
(i—1)A, JRP

[VANS 2
12K ( / / H5(S,az)||u(ds,dx)> 1 ar x| <un) (A.84)
(i—1)An J{]6]|>2un}

and thus

B iAn 2
E[|Ji|*] < KE </('1)A /RP(H5(3737)H A 2un)ﬂ(dsadx)>

(A.85)
i 2
+KE ( [ s alds, dw>> L{iag i<}
(i=1)An J{16]I>2un}
Following the same steps as in Eqgs. (A.62) to (A.65), we obtain
iAn 2
E </ / (II6(s, z)|| A 2un),u(ds,da:)> < KApu?™. (A.86)
(i-1)An JRP
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With bounded ¢ under Assumption A.1, it holds that

A 2
( /( /{ . }|r<s<s,x>||u<ds,d:c>> 1jarxi<un < KOVPQua)*Ljarx <uny  (AS7)
[3 >2Un

where N*(2uy,) is defined in Eq. (A.41). Therefore, the left-hand side in the above inequality must

be zero unless on the event {N*(2u,) > 1, ||ATX|| < u,}. We consider the following event relations:

(NP(2up) > 1, [|ATX|| < up} C {N-”(Qun) > 1, |ATX| < un, N"<“7”) - 1}
{N Qup) > 1, [|APX || < un, N"( : ) > 2} (A.88)

C{NP(2uy) = 1, |ATX]| < un} U {N"< . ) > 2}
On the event {N*(2u,) = 1, ||AX|| < u,}, by the triangle inequality,
HA?XC + sgl(%) H > 2un — |APX || > up, (A.89)
and therefore

(NP (2un) > 1, 87X S wa} © {a7x7) > 2} U {|

w5 > 5viv(3) =y

Er(zl) E'SZQ) E’l(’LB)
(A.90)
Then, by Eq. (A.87),
A 2
/ / 15Cs, 2)llpe(ds, dzx) | gjanx)<un
(i=1)An J{10]/>2un} (A.91)
< KE [(N7(2un)) Lo | + K'E [(N](2u0))?1 o | + K"E [(N(20))1 o | -
By the factorial moment of Poisson random variable and Eq. (A.38),
2 U U
n 2 < n(Un < n(tn n(Un _
B [0 en) 0] < | (37 (5)) 1 | <2 [(2(5) (4 (5 1)) e
iAn 2 (A.92)
< 2E ( / ds / A(dx)) < K'A2q %,
(i-1)An {lslI>un /2}
By the Cauchy-Schwarz inequality, Eqs. (A.38) and (A.47), take some ¢ > 2 and ¢ > 6(1 2?;), then
1/2
n 2 < n 4\ 1/2 nyc
E [V 2ua))?1 o0 | < (BN 2ua)) ) (P (1277 > 5)) As)

< K(Anu;T)l/Q(Ag/Qu;q)l/Q — KA%L/2+q/4u;(r+Q)/2 — O(A%urjzr)’
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Following a similar approach to Eq. (A.49),

;' 2 (2 o S, s,dx
(N7 (2un)) (u [ N ORI >)]

E (V7 (2un))*L 0 | <E

(YA
= 2B | NP (2up) (NP (2un) — 1) ( / / ||5<s,x>r|u<ds,dx>>]
n (1) An J (18] <uns2)
+ 28 |Nr(2u) (/ / 16(s, ) | (ds, d@)]
U (—1)An (18] <un/2)
5 —7r\2 £ 1—7r 2 —2r

by Egs. (A.38) and (A.40), and the fact that {||6(s,z)| > 2u,} and {||6(s,z)| < u,/2} are disjoint.
Combining Eqgs. (A.92) to (A.94) in Eq. (A.91) leads to

iAn 2
(/( 1)A /{”5 ) } H(S(S,Q?)HM(dS,dJJ)) ]l{HA?XHSun} S KA%Lu;QT. (A.95)
1— n >2Uun

Then, combining Eqgs. (A.86) and (A.95) in Eq. (A.85), we have

E[Ji|?] < KAuu2™" + K'A2u; 2", (A.96)
and therefore
E[||J]]?] < ZE 13i)?] < Ku?™" + K'Apu;, " = o(1). (A.97)
=1

Therefore, we have ||J|| = 0,(1) by Markov’s inequality and thus Az = 0,(1).
(iv) Ay = 0p(1). We denote the i’-th element in R'Z € RPE» for i'(j,k) = (j — 1)K,, + k by
B _N"p®  An AP
C; = Z Bi1)a, 85X A Z1any |<uny L|arx | <un ) (A.98)
By Appendix A.1 (iv),

T
k) P _
An) B(l Ha,) —>/0 (B®Y2ds < K1 (A.99)
=1

Under the orthogonality condition in Assumption 3, X and Z have no co-jumps, and the (fixed-
weighted) realized covariance ), B((z)l) a, A7 XAlZ has zero limit. By the standard results of
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realized covariance functionals (see, e.g., Theorem 10.3.2, Jacod and Protter, 2012), it holds that

n 2
k n n _
(Z B((i—)l)AnAj,iXAi Z) = O(K, 'Ay), (A.100)
=1

and thus ]E[(C’](-k))2] = O(K,'A,). Therefore,

E[|RTZ|?] ZPIZE )2 = 0(An), (A.101)

=1 k=1

and thus |R"TZ| = O,(v/A,). By Lemma A.1,

As < KVELRZ| = 0,(VEAL) = 0,(1), (A.102)

when A, K, log K, — 0.
Therefore, all components in Eq. (A.36) are 0,(1), and thus HB — B2 = o0p(1). This completes
the proof.

A.4 Proof of Theorem 2

We start with the following decomposition:

(2511)AA —/ B’yds—/ esds>
0
- B AAn—/ B.~ds
m(; (i-1)A Y | By )
1 - 1
= Bi_1a,An | (—7) — Bids — ) By
A (; (i—DA )( ) Tn<0 Z (i—1)A )

esds. (A.103)

1 -
\/T—n(fﬁT 1Pr) =

esds

1
\% An 0
To derive the asymptotic distribution of the p-dimensional vector in the first term by the Cramér-

Wold device, we need to show that, for any fixed linear combination with a € RP,
i (Z B(il)AnAn> =)
i=1
1

. T T T - T
= / Vo2 lal (/ Bsds) </ B;—csBsd8> B! | c2aw!,
0 0 0

where W' is a standard p-dimensional Brownian motion defined on an extension of the original
probability space (2, F, (F¢)t>0,P). We also show that the second term (the bias induced by the

H, =
(A.104)
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discretization error) and the third term (the bias induced by the spline approximation error) in
Eq. (A.103) are both asymptotically negligible as A,, — 0.

For the fixed linear combination in Eq. (A.104), we consider a further decomposition by
Eq. (A.35):

1 (¢ T\l T (O 1 (¢ Ta\—1pT
B.._ Al (R'R)”'R' (Y — R B_ A, (R'"R)”"R'U
JA (; (i—D)A, > ( ) ( v) + A ; (i—1)An ( )

Hl,n H2,n

1 1% TR \-1lRT 1 1% TR \-1RT
B, s A, | (RTR)IRTS B, s A, | (RTR)IRTZ,
N (2 A )( ) tUa e |2 Benat | RTR)

H, =

_|_

=1

H3,n

(A.105)

where Z = (Z1,...,Z,)" in the fourth term includes the truncation 1{ary|<u,} On each increment

of Y rather than on increments of Z (see Eq. (A.33)). Therefore, we rewrite the fourth term into:

1 (¢ Tra\-11T IR T\l T
—_— B/ _ Al (R'RyTR'Z=——— B_ Al (R'R)”"R'Z
JA (; (i—1)An > ( ) N ; (i-1)An ( )

H4,n

+ JA. a’ (Z B(i—l)AnAn> (R'R)"'R(Z - 2),

=1

H5,n
(A.106)

where Z = (Z1,...,Z,)" with Z; = AV Z1 (| Arz)<u,}- Next, we verify that the leading term for the
stable central limit theorem (CLT) in Eq. (A.104) is Hy,,, and the other components Hy p,, Ha ,
Hj,,, and Hs, are asymptotically negligible.

(i) Asymptotic distribution of Hy4,. We define the following vectors:

n T
wy = (wi), . wi el )T = (RTR) (Z B(“)AnAn> a € RPK» (A.107)
=1

k
Kn wgg

Hn,t = Btwn = Z ng) € RP. (AlOS)
k=1 (k)
/wp,n
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By the LLN result in Eq. (A.30), a standard Riemann approximation for the deterministic integral,
and the continuous mapping theorem, 0,, ; N 0; = Byw € RP for any 0 <t < T, where

T -1 T T
w = (w,. .. wE)T = </ BjcsBsds> (/ Bsds> a € RPEn, (A.109)
0 0
By definition,
1 - n n
Hy, = = ; O i1y An AT X AT Z1 () A X <y L{| AR Z] <un}- (A.110)

Under Assumption 3, X and Z have zero continuous covariation and no co-jumps. By the standard
CLT for truncated realized covariances (Theorem 13.2.1, Jacod and Protter, 2012), and stable
Slutsky’s theorem, it holds that

H4n—>/ V2ol e 2aw!, (A.111)

where W' is a standard p-dimensional Brownian motion defined on an extension of the original
probability space. The conditional variance of the limit equals

T T
/ 520) cs0,ds =a” (/ B ds) </ B/ c,B, ds) (/ agBjcsBsds>
0 0
A T (A.112)
/ B csBgds / B.ds | a
0

= aTEga.

-1

(ii) Hy,n = 0p(1). Decompose Hj j into:

1 n
Hy, = w, R;Y;
VA 2

1 &< T
e 2

1 2 3
o ) )

ZwTR v (A.113)

ZwTRM

where )); represents the i-th element of ?—R*y, and we employ the decomposition of }; in Eqgs. (A.71)
o (A.73):
Vi=MY - M +¥®) (A.114)

7

Next, we verify that all three components on the right-hand side of Eq. (A.113) are o,(1).
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(ii.1) H') = 0,(1). It holds for H{") that, by Holder’s inequality,

TR M(l)

1 n

T 1

F Z RN < 7= 3 Il Rl
(A.115)

For any ¢ = 1,...,n, by the local support of B-splines (Appendix A.1 (iii)), each R; has only a fixed

number of nonzero components, and then the equivalence between ¢1- and f5-norms implies that

K n
il < =l D7 IRal1M)]. (A.116)

By the Cauchy-Schwarz inequality,

W, _ K . n
H < E B/ A X M 1 n
| 1,n| = \/Tn v || (i—-1)An, |||| |H | {IA?X||[<un}
K (k) n
< ol (K s B, )ElﬁuA XN s xiany
N ! (A.117)
< K funle 3 j||MX\HM“>ML{”MX”<U :
= VA, 2 NS AT T A Xl <un
Kun (1)
Wn || o M
< T2 Zr .

Next, we show that ||wy,||« is bounded on an event E, with P(E,) — 1. Firstly, the local
support of B-splines imply that

n

n T
<ZB(i_1)AnAn> a| < Klale max B((Z)l) A,

1<k<K, -
o0 = (A.118)

() [ Tlsupp(BW)| K'
< K||a||looc sup B +1]A, < )
lal te[0,T] t ([ JANS W K,

where |supp(B®))| =< K 1; see Appendix A.1 (iii). We define a permutation matrix P that reorders

elements in R (group the p components associated with each spline basis index). Specifically, the
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i-th column in the row-permutated PRT € RPE»*" is given by

1) n
Bl 1ya, ATiX L{jarx||<un)

(1) -
By A, A0 X L arx<un)

€ RPEn, (A.119)

(Kn)
B ) a, ATiX L{jarx)i<un}

(Kn)
B A, Api X Liarx ) <un)
Then we consider a rescaled and permutated Gram matrix G = K,P(RTR)PT ¢ RPE»xpPEn By
Eq. (A.32), the eigenvalues of G are bounded away from 0 and infinity with probability approaching
one, i.e.,
P(E,) — 1, where E,, = {0 < £ < Apin(G) < Anax(G) < E < 00} (A.120)

Importantly, the local support property of B-spline basis implies that our rescaled matrix G is
banded with fixed bandwidth, i.e., we have G;; = 0 when |i — j| > L for some L > 0.! A standard
result for symmetric positive definite banded matrices from Demko et al. (1984) is that the inverse
has exponentially decaying off-diagonal entries. Specifically in our case, on E,, [(G™1);;| < K pli=il

for some p € (0,1), and therefore

pKn /
_ _ 2p K
|G 1Hoo§m?x§ 1:y(G Vil SK [ 1+2) o7 :K(1+ )s T (A.121)
j:

m>1

Therefore, with

Pw, =P(R'R)™! (Z B(i_l)AnAn> a=(K,PRTR)P'K,P (Z B(i_l)AnAn> a,
=1 =1
(A.122)
it holds that on E,,, by Egs. (A.118) and (A.121),

n T
[wnllco < [[Pwploo < ||G71||oo K,P (Z B(il)AnAn> a < K. (A.123)

i=1
00

!More strictly speaking, the matrix G is block-banded with block size p. When p is fixed, this block-bandedness
automatically implies ordinary (scalar) bandedness by taking a half-bandwidth L large enough to cover the finitely
many nonzero diagonal blocks.

0A.22



By Eqgs. (A.117) and (A.123), we have

K’uiE
A,

=1

2
Ku? -
E[|H{,[*1p,] < E {wnzom (Z|M§”|) ] <

n 2
(Z er)\) ] L (A124)
=1

so it suffices to show

2
n A,
E !(} \Mi(1)|> ] =o< ) such that E[H{")[*1p,] = o(1). (A.125)
i=1

ul
We define the subset of intervals,
T, = {i: |AYY| > uy, or |ATX]| > up}, (A.126)

and apply the Cauchy-Schwarz inequality on that subset:

n 2 2
<Z!M¢(”> =<Z\M§”I> < T S (M2, (A.127)
1=1

1€Ln 1€,

Therefore, it holds that

n 2 i
E {(ZM}”) ] <E||Z.) Y ()2
=1 L

i EI7L

1/2
<E [In (IInl Z(Mi(l))“) ]

iEI'IL

n 1/2

=1

A.128)

n 1/2
< (E[|Z.*)Y? (Z E[(Mf”)ﬂ) (

< K (up, ") V2 A2u, )V = KAGu ™ = o(Apuy?),

where E[|Z,|3] = O(u,,%") can be proved in a similar way to Eq. (A.47), and E[(Mi(l))ﬂ = Adu,"
can be verified by the same steps as in Eq. (A.75) by the BDG inequality and Lemma A.2 (i).
Combining Egs. (A.124) and (A.128) leads to

E[|H} ) 15,] = o(1). (A.120)
By Markov’s inequality, for any € > 0,

1
E[H)1p,]

5 +P(EL) = o(1), (A.130)

P(H{,)| > €) <P(H{,| > &, Ey) + P(E) <

and therefore H S}L = 0p(1).
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(ii.2) H{’zr)b = 0p(1). We follow the same steps as in (ii.1) from Eq. (A.115) to Eq. (A.125), and it

remains to show

2
n An
: (Z \MPl) - () . suchthat E[H{)P1p]=o(1).  (A131)
i=1 Ui 7
‘We consider
2 n n C
M) < K| APX — APXCY| L arx|<un- (A132)
D;
so that it suffices to show )
n An
E (Z D@-) =0 <u2> . (A.133)
i=1 n

We consider the same event decomposition as in Egs. (A.58) to (A.60):
{IAFXI < un} = {IAT XN < wn, [AFXE| < un} U{[JATX]] < un, [AFXE| > un}. (A134)
For each i, on the event {||AX|| < u,, |ATXC|| < uy,},
IAFX = APXC < [JAFX] + [[AFXE < 2uy,. (A.135)
Therefore,

D; < |ATX — APX | Lganx—anxe|<au,y + 1ATX — APX Ly anx<u,y Ljarxe|>u,} s

pW D@
(A.136)

and also ) ) )
(Z D,~> <2 (Z DP) +2 (Z D§2)> . (A.137)
=1 =1 =1

For Dl(l), we follow the same steps in the proof of Lemma A.2 (ii) (see Eqgs. (A.61) to (A.65)):

Ay
DY < |APX — ATXC| A 2u, < / / (16(s, )| A 2un)pu(ds, dz). (A.138)
(i-1)A, JRP
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Then we have

E[(iDp)Q <E (/OT/RP(Hé(s,a})H/\2un)u(ds,da:)>2]
<2 ( /0 ' / (UG, @)l A 2um) (2~ u)(ds,dx>)2] (A.139)
9 (/OT /RP(Ha(s,x)u A 2un)u(ds,dx)>2] .

For the first term in Eq. (A.139), by the It6 isometry for compensated Poisson integrals,

</OT/RP(H5(37$)HAQun)(M—V)(ds,dx)>2 _E {/OT/RP(H(S(S,JU)H/\2un)2u(ds,dx)}

T
/ ds ( / 16(s, 2)||>A(dz) + 4u? / A(dx))] < Ku>T,  (A.140)
0 {l16l1<2un} {1811>2un}

by Egs. (A.38) and (A.39). For the second term in Eq. (A.139), by Jensen’s inequality,

E [(/OT /RP(H(S(s,x)H /\2un)1/(ds,dx))2 gT/OTE [(/Rp(ua(s,x)u /\2un))\(dx)>2] ds

E

<E

9 (A.141)
T
< T/ E (/ |0(s, z)||\(dx) + 2un/ A(daz)) ds < Ku2™2",
0 {lI0]1<2un} {lo11>2un}
by Egs. (A.38) and (A.40). Combining Eqgs. (A.139) to (A.141), we obtain
n 2
E (Z D§1)> < Ku2 "+ K% < Ku2™?. (A.142)
i=1
For D\?), on the event {||A"X|| < uy, [|ATX°| > uy,},
JAFX = AFXE| < up + [[AFXE < 2[[A7 X, (A.143)

and thus it holds that

n
ny IATXCIPT g apxe>un)

2 n yc
E (Z D )> <E <22 [AYDS H]l{||A;zxc|>un}> <E
=1 =1 =1
=4nY E [||A?XC||211{”A?XCH>W}} . (A.144)

i=1
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For any ¢ > 2,

AnX¢ q—2 Aan
E [|ATX L gapxesuny] < B 1477 (”u”) < EUIATXET  ngr22-0 (A 145)
n Unp,
by the BDG inequality. Therefore, Eq. (A.144) turns into
- ’ A 3-4
(2) /2—2. 2—q __ n . — 4w
D < A4 9 = — f A.14
<; )] no 0<u2> MR (4.146)

which is always possible because w < 1/2. By Eqgs. (A.137), (A.142) and (A.146),

(So) o= |(See) o |(So) ] o (3)

u2
n 2
E {(Z |Mf2)|> ] =0 (i;) , (A.148)
=1 n

n
so that IEHH ]2 ] = o(1). By the same inequality as in Eq. (A.130), we conclude Hﬁz = op(1).

<9E +2E

and therefore

(ii.3) H(3) = 0p(1). Write H( ) into

S N

i—1)An,

By the Cauchy-Schwarz inequality,

n n iAn 2 1/2
i < \/Z*(ZMRZ‘V) (Z ( / ~Biva )TdX§>) o (AL50)

=1

For the first multiplier on the right-hand side of Eq. (A.150),

n n T
Y (w, R;)* =w, (R'R) (ZBZ DA ) (R'TR)™! (Z B(Z-_l)AnAn> a
; =1

2 (A.151)

(i-DA, A I(RTR)™' = 0p(1),

oK)
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(i-1)A
and there are K, of them in the Euclidean norm. For the other term, by Eq. (A.34),

because each basis component y ;" | B® nA” < SuPye(o,7] Bt@ ([%ﬁw)'} + 1) Ay

iAnp

iAn 2 SO
E /( (Bs — 51 DA )TdXC> Flica, | <K E[Hﬁs—ﬁ(i—lmn”?]ds

i—1)A, (i-1)A,

By the Cauchy-Schwarz inequality,

S

1s — By, I2 < (s <z’—1>An>/

(i—1)An

1L 2du < A, /( B
1—1 n

= O(K_l)v

n

(A.152)

(A.153)

Note that here we adopt a different approach from Eq. (A.79), and avoid using the probabilistic

order bound for ||'||se. Then,

N TN
/( 1B — B, |Pds < A2 / AR

i—1)A, (i-1)An,

Combining Egs. (A.152) and (A.154) leads to

iAn 2
E / (Bs — 5 (i—1)A, )TdX§> Fli—1)An
(i—1)An

and thus

iAn B
< KA2 /( DIEAREY

i—1)A,

= \J@-DA,

Therefore, by Markov’s inequality,

n 1Anp 2 ~
) (/( (Bs = B An)TdXC> = Op(AZIA'II72)-

i=1 i—1)An

Combining Egs. (A.151) and (A.157) in Eq. (A.150), we obtain

= Op(\/AinHBI”B)y

and it remains to derive the probabilistic order bound for ||| 2.

Lemma A.3. Under Assumption 2, HE’HLQ = Op(V Ky log Ky,).

n iNe 2 T B
E Z(/( (Bs — Bi—1)a NX) < KA} /O E[||8,|I”)du = KAZE[[|B']|7-]-

(A.154)

(A.155)

(A.156)

(A.157)

(A.158)

Proof of Lemma A.3. Instead of working directly on E’ , we consider the quasi-interpolant 3 defined

in Eq. (A.11) in the proof of Lemma 1, and we have

(A.159)



with all B , B, 5 — B € G,,. By the triangle inequality,

1812 < 1812 + (B — BY || 2- (A.160)

We start with a general linear combination of B-spline basis functions of degree d: Let ¢ =
ZkK:’Ll Bc(ﬁ)r(k) € Gy, for any r*) € RP. By the Cox-de Boor recursion identity in Eq. (A.3),

(k)\/ d (k) d (k+1)
oAU —" - 1O R —" - G0 A.161
(Byr) Drra1 — opy Dt T G — g Dt ( )

Differentiate g; on ¢t with Eq. (A.161) plugged in, we obtain

S d (k) >4 g
_ B 0 B0
9t kzl Vptd—1 — Op—1 oM ,; Ukta — O ! "
S d (k) ks d (k)
_ BM ®) _ BY o ®)
=7 Uk+d—1 — Uk—1 -1t kZQ Upyd—1 — U1 M
Ky
SO (dm _ dr(k1)> B ),
Vg — Vo iy \Uktd—1 — Vk—1 Vk+d—1 — Uk—1 M T, — UK,
(A.162)
where the first and last terms are both 0 by definition; see Eq. (A.4). Therefore,
Kn aB'® Kn—1
Z TLL () D) < 3T (D Ry, (A.163)
Vk+d—1 — Vk—1 el
and thus
Kp—1 Kn
91172 :/ lgilPdt < KKy Y [lr®D —r W2 < K5 Y |IP V)P = KK lle|®, (A164)
k=1 k=1
where 7 = ((rM) T, ..., (rE=))YT)T € RPEn. On the other hand, by the B-spline norm equivalence
in Appendix A.1 (iv),
(2
lgllZz =< S5~ (A.165)
Combining Eqgs. (A.164) and (A.165) leads to
19’22 < KEnllg 2. (A.166)
Therefore, if g = 5 — B,
18 = B)'llL> < KKullB — Bl L2 (A.167)
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By the triangle inequality, Eqs. (A.9) and (A.10),

~ _ ~ - log K,
18 = Bllze < 18 = Bllz + 118 = Bl < KB = Bllr2 = Op ( I74 ) : (A.168)
Therefore, by the above two inequalities,
1B = BY'l|2 = Op(v/Enlog Ky). (A.169)
Then it remains to derive the probabilistic order bound for ||B/H 2.
Let g = 3, by the first inequality in Eq. (A.164),
Kn—1
—/
18172 < KKn Y [1Brwrn = Broo > (A.170)
k=1

Consider the same decomposition as in Eq. (A.12). Then we have

K,—1 Knp—1 K,—1

Z 18 1) = Braw|1* < 2 Z 18 iy — Bl I” 42 Z [ T ey — Bl (A.171)

Under Assumption A.1, the BDG inequality implies that

K1 Kn-1
Z 1800 = Biw P | < K Z (D) — 7)) < KT, (A.172)

and thus, by Markov’s inequality,

K,—1

Z ||r87c.(k+1) - 5.,6.(1@ ||2 = Op(l)- (A.173)
k=1

Under Assumption 2 with finite-variation jumps,

Kp—1 Kp—1 2
B iy = Bl P < < DB i) — 53.(1@)”) < Vi ([0, T))* = Op(1), (A.174)
k=1 k=1

where Vj; ([a,b]) is defined in Eq. (A.22). Combining Egs. (A.173) and (A.174) in Eq. (A.171), we

obtain
Kn—1

> Brwsn = Brw P = Op(1), (A.175)
k=1

and thus, by Eq. (A.170),
18]l = Op(V/E). (A.176)
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Therefore, combining Egs. (A.169) and (A.176) in Eq. (A.160), we obtain

1512 < Op(VEn) + Op(/Enlog Ky) = Op(v/ Ky log Ky). (A.177)

This completes the proof of Lemma A.3.

Therefore, by Eq. (A.158) and Lemma A.3,

|H ‘ = (\/ A, Ky log Kn) = Op(1)7 (A178)

since A, K, log K,, — 0 as required, and thus Hf?’z = op(1).
By the results in (ii.1), (ii.2), and (ii.3), we conclude that Hj, = o,(1).

(iii) H2,n = 0p(1). Recall that, with 6,,; defined in Eq. (A.108),

1 n [7ANS
Hy, = 0 i A ATX / ed dXC | Tgyanx(<u Liiary|<u,1- A.179
: \/AT; (i=1)an (wmn {larx<un} L1ATY |<un} (A.179)

On the high-probability event E,, in Eq. (A.120), it holds that [|wy,|c. < K by Eq. (A.123). By

local support and boundedness of B-splines, on E,,,

Kn

k=1

sup |[|0p¢]| = sup < Kllwn|loo < K7, (A.180)

te[0,T] te[0,T)

and [0l = Op(K,) by Eq. (A.79). Consider Ha, = HY') + HY) with

n 1A
(1) 1 T nyc " T c
Han = \/Nzenv(i*l)AnAiX (/( . dXs> Loiapxi<uny Lyapy|<unds (A.181)
" =1 t=H)3n

iAp

(2) _ 1 g T n nyec T c
Hyp = /N, ;Hn,(il)An(AiX - A7X°) (/( €s dXS> Ljarx | <un L{any|<u,}- (A.182)

i—1)A,

Next, we show both H2(1) and H2(’27)L are op(1).

,n

(iii.1) Hé’l)l = 0p(1). Instead of working on Hé,l)l directly, we consider H;lg = I;@(’lg - Fg,)l with

n 1Ay
Hy) = D, ATXC (/ ejdXSC), (A.183)
(i—1)An
7(1) nyc i T c
ni-na, AT X (/( Ia, dXs> (1 - Lyapxicu Lgapyicuy) . (A184)
=1 )5
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and show that both ﬁ(l) and Hél) are op(1).

n

We start with Hé,i Rewrite Eq. (A.183) into Hég F o, Ui with
iAp
Ui =0, i 1)a, A1 X /( o e dX¢|. (A.185)

By the conditional covariance for continuous martingale increments (with the predictability justified

in Remark A.1 via predictable projection),

1Ay,
E[Ui|Fi-1a,) = 9,1(1»_1)%/ csesds. (A.186)
(i—-1)An
Consider
o _ 1§
Hy, = E[Ui| Fi—a,] (Ui = E[Ui| Fi—1a,l) -
" VA Z; F ; (A.187)
AL My,
For Ag BL, we have
(1) 1 T T = iAn T
A n = / gn scSeSdS (en,s - Hn i— An) Csesds, (A188)
> VAr Jo 7 F Z (i—1)A =1)

where the first term is 0 by L?(c)-orthogonality between e and G,,. For the second term, on E,,

Sup ||9n,s - Gn,(i—l)AnH < AnHH;zHoo' (A.189)
(i—1)Ap<s<iln

Therefore, by the Cauchy-Schwarz inequality and bounded ¢ under Assumption A.1,

z / s — Oy, llleslds
(i—1)An
sw 6L el] = OB R ) — o),

and thus, by Markov’s inequality analogous to Eq. (A.130) (but with first-order moment), we obtain

E[|AS) |15, <

(A.190)
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Aé)1 = 0,(1). Moreover, for MY by the same steps as in Eq. (A.75), together with Eq. (A.34),

2,n’
K K & iAn 2
Bl(Mg)* 1) < 5D EIWA < 53 E | 1AIX7Y? </< e & dXsc)
" =1 noi=1 i—1)Ap
K O ) idn o \? (A.191)
< A, ;E E[|| A7 Xl ’f(i—l)An] /(i_l)An e, dX;

< KE[J|e]|Z2] = o(1),
and thus MQ(Q = 0p(1) by the same Markov’s inequality as in Eq. (A.130). Therefore, we conclude

that HY!) = A + ML) = 0,(1).
For Fél,l, by the Cauchy-Schwarz inequality,

E|(Hy))Ls, | < Aﬁ (Zn:E [1azxe? (1 - l{IIA?XIISUn}H{IA?YSun}>]>
" \i=1

) (A.192)
n B
¢ - n n .
X ;E /(Z,_Mn es dX (1 Lijarx<uny Lyia; YlSun})
By the same steps as in Eq. (A.75), we obtain
> E [HA?XCHQ (1 - IL{||A?X||§un}1{|A?Y|§un})} < KAnu,". (A.193)
i=1
By Eq. (A.34),
i 2 i
E / e dX5 | | Fu-na, | < K/ lles|?ds, (A.194)
(i-1)An (i-1)An
and thus, by Lemma A.2 (i),
n iAn 2
> E (/ eJdX§) (1 - 1{\\A?X|\gun}1{\A?Y|gun}>
— (i-1)An
n iAn
<KE|) /( s les|*ds (1 - ﬂ{wxuw}ﬂ{\A?Y|§un}) (A.195)
i=1 \7(=DAn
< KE[[lell7:] max (PATY] > up) + P(JATX|| > un))
< K'Apuy "El|le]|72]-
Combining Egs. (A.193) and (A.195) in Eq. (A.192) leads to
E[(y0)*1E,] < KAwuEllel2:] = o(1). (A.196)
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By the same Markov’s inequality as in Eq. (A.130), we conclude FSBZ = 0p(1), and therefore

a) = BN —HY) = 0,(1). (A.197)

(iii.2) Héi)l = 0p(1). On E,, by the Cauchy-Schwarz inequality,

n n 1Ay 2
(2)y2 < £ ny _ AnYyc|2 " T c
E [(HQ,n> I[En:| = A, <;E [HAz X Az X H H{HAZ X||<un}]> ;E (/(i—l)An €s dXs)
(A.198)
By Lemma A.2 (ii),

SOE[JAIX - ATXPL x| < Kud (A.199)
=1

and, by Eq. (A.34),

i—1)A

i, 2
ZE (/ TdX§> < KE[|le||3.]. (A.200)
(
Combining Egs. (A.199) and (A.200) in Eq. (A.198), and by Lemma 1,

K —r
E|(H3)1s, | < -2 Elllel3:] = o(1), (A.201)

which holds for all u, < A7 with w € ( =) ) because

K 45, —(2—r—1108 K, o(2r log K,
—u2TE[|le]|2,] = ATCGTTIZETR _ Am2-r)-1/2 500

AU : =A% o = o), (A.202)

where log K, /(Knyv/An) — 0 as required, and AZETY2 5 because w(2—-r)—1/2 > 0.
Therefore, by the same Markov’s inequality as in Eq. (A.130), H2(7)L = o0p(1).

By the results in (iii.1) and (iii.2), we conclude that Ha, = 0,(1).

(iv) Hs,n = 0p(1). By the same steps as in Eq. (A.117) and the safe substitution in Eq. (A.82),

Ku, Kuy,
|H3n| < FHwHHOOZ|J1|1{||A"X||<un} Fll’wnllooZIJl (A.203)
and
El[H3nllp,] < F Z !Jz|] (A.204)
so it suffices to show
[Z 1T ) = 0( A") , such that E[|Hs,|1g,] = o(1). (A.205)
Up,

OA.33



Same as in Eq. (A.84), we have
Z 3, < KZ ( / / (18(s, )| A 2un)pu(ds, da)
(i-1)A, JRP

+/ / H5(s7x)Hu(dsyd9«“)> L{jarx | <u,}
(i~1)An J{I5]1>2un} (A.206)

T
-k | / (16(s.2)] A 2, )(ds. )
+KZ (/l DA, /{5||>2un} Hé(s’x)””(ds’dx)> Lgjarx|<un}-

Following the same steps as in Eq. (A.64),

E [/OT /Rp(]é(s,x)ﬂ A 2un)u(ds,dx)] < KE {/Rp(Hé(s,:c)H A 2un))\(da:)]

(A.207)
< KE / 10(s, z) || A(dx) + 2un/ )\(d$)] < K'ulr,
{ll6l1<2un} {l611>2un}
by Egs. (A.38) and (A.40). For the other term, by Egs. (A.87), (A.90) and (A.92) to (A.94),

n (VAN

S 8 )| Ly

i=1 i—1)An J{8]]>2un}
(A.208)

< KZ]E[ (2un 1{\\A”X\\<un}} < KZE[ 7'(2un))* L arx|<un}
1=1

< KAnu,® = o(ul™).

Combining Eqgs. (A.207) and (A.208) in Eq. (A.206) leads to E[>_" 135l = o(v/Anu;t), and thus
[|H3n|1E,] = o(1). Therefore, by the same Markov’s inequality as in Eq. (A.130), H3, = 0p(1).

(v) Hsn = 0p(1). By the same steps as in Eq. (A.117),

Ku °
< Jalwnle 2 18721 | Lapviun) = Lgazzicuny | Liarxison)
Ku "
< \/fn”“’n”oo > 1Atz (ﬂ{\AnY|>un, A7 Z|<un} + L{ArY |<un, |A"Z|>un}) L{jarx<un}
=1
Ku -~
< \/A—Zﬂwn”oo ; (unﬂ{m;lypun} + AP Z| L Ary | <up, |A? Z|>un, \\Agxusun}) . (A209)
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Note that the additional truncation 1y APX||<u,} 18 harmlessly included because the design matrix

R already includes that for covariate increments. Then,

n

Ku?2 & K'u
E[|Hsnlle,] < —2> P(A}Y] > u,) + —== > E [|A?Z|]1{\MY|gun,|AnZ\>un,mel\sun}] :
An i=1 An i=1
(A.210)

For the first term, by Lemma A.2 (i),

3 K 2 2—r
;P(IA?Y\ > up) = O(u:"), and thus & ;P(mm > u,) =0 (%) — o(1),

because w(2 —r) —1/2 > 0.

Now we turn to the second term in Eq. (A.210). Intuitively, on the event {|AT'Y| < u,, |ATZ| >
Un, ||AFX]|| < uy,}, the cancellation between ATY, AT’ X and AZ imposes a restriction on the size
of A?Z. To formally establish this, we write AY into

iAp
AMY — / Taxe+ Y (BL)TAX, +AvZ. (A.212)
(i-1)An (i—1)Ap<s<iA,

n 1
APy () Ao

On {|ATY| < up, |ATZ| > uy, |A?X| < uy}, it holds that

up < |A?Z| = |AMY — ATY ) — APY (2]
<|APY[+]AFY D] 4 |AFY @)
= |A7Y] +|A7Y D]+ |APY O L ary | <u,, ar X <0} (A.213)
=AY |+ |AFY D] + (T
< up + |AFY O]+ 13,

where jz is defined in Eq. (A.82). Based on the above result, we consider the event decomposition:

{IAYY] < un, [AFZ] > up, [|AFX] < un}

- (A.214)
C {un < |A?Z| < 3un} U {|AY D | 4+ |T;] > 2u,}.
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Then, we have

E [\A?Z’ﬂ{mms%,|A?Z|>un, ||A?X||gun}}
<E [|A?Z|]l{un<m;zz|§3un}] +E [|A?Z‘ﬂ{|Agy(1>|+|3i|>2un}}
< 3unP(ATZ] > wn) +E [|A7 211 apywysa,y] +E [1872]1
M)
< (1) + unP <|A§ly(1)| S un) +E [|A?y(1)m {‘A?mbun}] +E {ﬁim (APY D >un)

{Iji\>un}]

-~

2) ®3) (4)

+ u,P (|3,~y > un> +E [\A;LYU)m{ﬁilm}} +E [ﬁim{mbu”}] .

(5) (6) (7

(A.215)

Next, we verify that the above terms (1)—(7) are all O(A,ul™").

Term (1): By the same result as in Lemma A.2 (i) for the one-dimensional It6 semimartingale Z,
3u P(|ATZ| > uy,) < KApul™. (A.216)

Term (2): By Eq. (A.54),
UunP <|A'gy(1>| > un) < KApul=. (A.217)

Term (3): By the same steps as in Eq. (A.67) and the BDG inequality, for any ¢ > 2,

< KAYup,
(A.218)

n Un

—1
Ary () ? ElAPY (1)|a
E [IA7Y DL ppy iy <E wyﬂn(' z ') < BT

and it is O(Apul=") if ¢ > 2(1 — wr)/(1 — 2w), which is always possible for 1/2(2 —r) < w < 1/2
and 0 <r < 1.
Term (4): By the Cauchy-Schwarz inequality, Egs. (A.54) and (A.96), for any g > 2,

E \ji|]1{|A?Y(1)|>Un}} < (E[yji‘z]>1/2 (IP (!A?Y(l)\ > un>>1/2

< K(Anup "V AJu 2L P, )2

(A.219)
< KAl 2ma2y g ALy ral?
= O(Anuy "),
if we choose some - o
12T, \/1—2w’ (A.220)

which is always possible for 1/2(2 —r) <w < 1/2and 0 <r < 1.
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Term (5): By Markov’s inequality,

E[|J:]

unP (|3i| > un> < uy, <E[|J;|] € KApul, (A.221)

which can be calculated following the same steps as in Eqgs. (A.207) and (A.208).
Term (6): By Holder’s inequality, for some ¢ > 2,

E !A?Y(l)m{ﬁipun}} < (E[m?y(l)|q])1/q (]}D <|ji| > un))lfl/q

(A.222)
< BB (A ) = R Ay rfar
by the BDG inequality, and it is O(A,ul=") if ¢ > 2(1 — @r)/(1 — 2w).
Term (7): Same as in Eq. (A.84), we have
3 < K(AM + AE2))1{HA?XHSun}v (A.223)
where
) iAn
AL — / (165, 2) | A 2un)u(ds, dz), (A.224)
(i—1)A, JRP
9 1Anp
AP = / 16(s, ) lu(ds, d), (A.225)
(i=1)An J{10]|>2un}
and thus,
J (1) (2)
E 1513, 00) < KE[APL o0, u |+ KE[APL 40w arxicu] - (A226)
For the first expectation on the right-hand side, by Eq. (A.86),
(1) < 2K (2] < FI A g 17
B[4 {A§1)>%J < E[AD)] < KA (A.227)
For the second expectation, we follow the same steps as in Eq. (A.208),
2 n
E AP L 00 oy iapxicun) < KB [N )i a1 Loz x<und
<K'E [(Nf@un))”{fvf(mn)zuﬂ{||A¢X||§un}] (A.228)
< K'A2u% = o(Apul™).
Therefore, it holds that for the term (7):
E [ﬁim {ﬁi'w}} < KAul=. (A.229)

OA.37



Therefore, combining all terms (1)—(7) in Eq. (A.215) leads to
E ||A7 Z|L{arY|<un, A7 Z[>un, A7 X [<un} | < K Apuy " (A.230)

By Eqgs. (A.210), (A.211) and (A.230), E[|H5,|1E,] = o(1). By the same Markov’s inequality as in
Eq. (A.130), we conclude that Hs, = o,(1).

By results in (i) to (v), we complete the proof of Eq. (A.104). Next, we show in (vi) and (vii)
that the second term (the bias induced by the discretization error) and the third term (the bias
induced by the spline approximation error) in Eq. (A.103) are both asymptotically negligible and
thus have no impact on the CLT.

(vi) Discretization error. Consider the discretization error term in Eq. (A.103):

1 r = I (B
D, = / B.ds — Y Bi_ia Ay |y = / Bs — Bu_nya,)ds.  (A.231
JA, ( o > Bina ) A~ ; (z‘—l)An( (i—1)An) ( )

i=1

By the Cramér-Wold device, we need to show that, for any fixed linear combination with a € RP, it
holds that |a Dy,| = 0,(1). By the Cauchy-Schwarz inequality, since B is absolutely continuous and
has bounded derivative on [0,7] (same as in Eq. (A.78)),

& Dul < fallIDall < =

nooeiA,
Bs = Bii-1)a,)ds
VA, ;/(i—l)An< (-4 )

K < i /s ~ K < (VAN "
ViepD MA”( oy, 1l ) V5 2 s, Sl
T 3 = ~
< KVA, [ IBlldu < KVENVTIF 12 < KVE| |1
0

By Lemma A.3,

K

la" Dy| = Op(\/ ALK log Kp,) = 0,(1). (A.233)

(vii) Approximation error. Define the matrix-valued process 1) = ¢ 'L, where I, is an identity
matrix of dimension p. Under Assumption 1 (iii), consider the same L?(c)-orthogonal projection
II,¢¥ € Gy, and then

T T
/ esds = / escssds = (e, V). = (e, — ph)e. (A.234)
0 0
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By the Cauchy-Schwarz inequality and the norm equivalence in Eq. (A.8),

< jmn@,uj L) <

K
< \/T—nHeHBW — 9| 2.

1
”eHLQ(c)H@ZJ - 1_[nd}HLQ(c)
VAn (A.235)

l=/
—_— esds
=),

By Lemma 1, |le| ;> = Oy(y/log K,,/K,). Moreover, 9 is also an It6 semimartingale with finite-
variation jumps (because ¢ is bounded, nonsingular, and an It6 semimartingale under Assumption 1
(iii), so is ¢~! by Ité’s formula for semimartingales with summable jumps; see, e.g., Theorem 3.2.2,
Jacod and Protter, 2012), and then the result in Lemma 1 also applies to ¢ — IT,,3). Therefore,

log K,
Hw—HanLz:Op< i ) (A.236)
and then -
1 log K,
sds|| =0p | —F7== | = op(1). A.237
Hm/o eots (K\/T> (1) (A.257)

This completes the proof.

A.5 Proof of Theorem 3

By the standard Riemann approximation and the LLN for the empirical Gram matrix in Eq. (A.30),

n T T -1
S Baona,An / B.ds, [®R'R)!'-5 ( / BjcSBsds) . (A.238)
i=1 0 0

Hence it suffices to show .
R'DR / 2B/ ¢,B,ds (A.239)
0

We define the infeasible and feasible residuals:

i =AY — (APX) Biina,— =AY = (AX)TB (A.240)

and D = diag(A;IE?]l{‘A?YKUM ||A:.‘X||§un}) as the infeasible counterpart of D. We first show that
the difference between RTDR and RTDR are asymptotically negligible, i.e.,

IRT(D — D)RJ = 0,(1). (A.241)
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Firstly, we obtain

& —el = (AY - (MX)TB((:i)An)?—(MY (ATX) Bi-pya,-)

= 2A1Y — (APX) B A, = (AFY = (AT X)T Baona, )((AIX) T (Binan- — B )a,))

= 2A1Y — (AX) T B_pya,— + (A7 X) T (Bimnyan— — B ha DAIX) T (Banya,- = B ha,)
= 265(A7X) T (B nyan— = B a,) + (AFX) T (Bana,— = Bl a)) (A.242)

and, by the BDG inequality and Eq. (A.39),

E [(Ez‘)ﬂ{wﬂgun, ||A?X||§un}}

iAn 4
< KE / (Bs = Bi—1ya,—) "dXE + A} Z°
(i—1)An
, (A.243)
+ K'E > (AYs + (8] - 5(¢—1)An—)TAXs) L{|APY | <um, | APX || <un}
(i—-1)An<s<iA,
< KA + K'Ajul—.
By the triangle inequality,
IRT(D - D)R|| < S; + S5, (A.244)
where, by Eq. (A.242) and the boundedness of B-spline basis functions,
K - n 3 2(=1)
S1=7+ D el ATX P 1B -1)a,— — Bl 1ya, 1L 1ArY | <un, A7 X | <un}s (A.245)
" i=1
K S~ any 4 S g2
~ A Z AT XN Ba—1)a,— — 5(i_1)An\\ Lijar x| <un}s (A.246)
" i=1
and it suffices to show that both S; and Sy are op(1).
Fix ¢ and define the enlarged o-field
Flivya, = Fu-na, V o{(AFX, AFY) : £ # i} (A.247)

By construction, ,/8\((:%) A, s -7?(1;1) A, -measurable. By Lemma A.2 (ii),

E [ I1A7X 41 gjap xi<um)

Farnan] < KE[IATX +IATX = AZXI T (a7 <)
< KAZ + KulE [HA?X - A?Xc\\Qll{HAgX||§un}] (A.248)
< KA?2 4+ K'Ajut ™ < K"A2,
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and thus

K < sy
= & 2B B[ IATXI L apxicun| Fu-na,) 18a-na.- = B a,l?]
= (A.249)

< K8, Y E [I86-nsr — B ] < E[I5 - Bll%] = o(0)

=1

where Ay > [|Bi—1)a B((Z Zi)A |? is a Riemann sum for HB_ — B||3, of the piecewise constant

process B that equals [3( A, On ((i = 1)A,,iA,], and the proof of Theorem 1 applies to each
leave-one-out OLS fit. Therefore, So = 0,(1) by Markov’s inequality.
By the Cauchy-Schwarz inequality,

n 1/2
E[S)] < K(E[S,])"? (Aﬁl ZE [E%HA?XHQHUA;?Y\@H, A;LX|§un}]> ) (A.250)

i=1

where, by Eqs. (A.243) and (A.248),

E [2IATX L a7viu, a7 xl<u)

= (E [E?R{IA?YK%,||A?X\\§u7l}})1/2 (E [\\A?X!!“Jl{wxugun}])1/2 (A.251)
< KA? 4 K'A32277/2 < K'"A2

and thus S; = 0,(1) by Markov’s inequality. Therefore, it holds that |[RT(D — D)RJ = op(1), and
thus

R'DR = R'DR + 0,(1). (A.252)
Based on the same arguments on negligible remainders as in the proofs of Theorems 1 and 2, we
have RTDR = RTdiag(Agl(A?Z)z]l{m?zgun})R + 0p(1), and thus, by the standard LLN result

of truncated covariances,

" T
R'DR / 2B/ ¢,B,ds. (A.253)
0

Combining Egs. (A.238), (A.252) and (A.253) leads to the consistency of f)g This completes the

proof.

A.6 Proof of Theorem 4

Define the block-wise score ¢;(y) = 6%’;57) = —(R;)T(Y — R#y). The standard KKT conditions

(e.g., Xue and Qu, 2012, Egs. (19)—(20)) imply that any local minimizer of @} () must satisfy:

¢;i(7) =0, \/ Y Wi > T, forj=1,...,q. (A.254)
An .
V(E@) W3 <2 AW =0 forj=q+lp (A.255)

n
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Then it suffices to show that 4° satisfies both Eqs. (A.254) and (A.255) with probability approaching
one.

We denote by 47 (resp. ;) the subvector of 3° = (39)", (3°,) ") " (resp. 4°) that includes only
the first ¢ K, elements, and by R, = (R}, ..., R;;)T € R™"*9Kn the submatrix of R corresponding to

the first ¢ regressors. Define the oracle least-squares spline estimator,

J0= argmin  Qu(7), A%, =0, A;=(RJR) 'R]Y. (A.256)
~:7v5=0,Vq<j<p

Define two standard projection matrices: the orthogonal projection matrix Hy, = Rq(Rl—;Rq)*quT €
R™ ™ onto span(Ry), and the residualizer My = I,, — H,, where I,, is an identity matrix of dimension

n. Both H, and M, are symmetric and idempotent. Then the oracle residual is given by
Y-RA°"=Y-R/7, =M,Y. (A.257)

Active blocks. By definition, 4° minimizes @, () over the restricted model {7 : v_, = 0}. Hence
¢;(°) = 0 holds for all 1 < j < ¢g. Same as Eq. (A.29), it holds that

(32) TWJ% N / 2 s) csﬁ ds = HB 125, where ﬁ = Bj7;. (A.258)
By Theorem 1 and the triangle inequality, for any active block 1 < j < g,

7o Ao P
135122 = 1831122 < 152 = 5112 > 0. (A.259)

so /(75)TW72 N 1Billz2 > 0, and thus it satisfies \/(7) W75 > 7, for any 7, — 0. Hence
the active- block KKT conditions hold.

Inactive blocks. For ¢+ 1 < j <p, ﬁj" = 0 by construction. Under the condition

An A, L K, _
/ ( 7;’?1) + up log pK;, + u}z T/2> — 00, (A260)
Tn n

it suffices to show

A, log pK,

= —nomom TR 1-r/2
qﬁ?}%p \/(C]( °)TW,c;(7°) = Oy < K, + up log pK,, + u,, > , (A.261)

which implies Eq. (A.255). By Eq. (A.257), we have the residualized score for any inactive blocks,

¢j(3°) = -R) MY =—(R})"Y,  where R}=MR], (A.262)
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for any ¢ + 1 < 5 < p. By the Cauchy-Schwarz inequality,

~ w2 e 1/2 ¥
VEG@ENTW e(F) = WP R)TY | < [W2)[I(R) Y. (A.263)
where |]W]1/2|| =/ Amax (W) = OP(K51/2) as shown following Eq. (A.32). It suffices to show

max ||(R* ) Y| = (\/A log pKy, + /K log pKp, 4+ /Knulh™ T/Q) (A.264)

q+1<j<p
We consider the decomposition of Y as in Eq. (A.33) (with the first two components combined):

iAn
Y = (/ ;rdXSC> Lhary|<uny + > (BTAX | Lyapyisu)
(i-1)An (i—1)Ap<s<iA,

+ AV ZL{Ary|<un} -

Z;

Therefore, it suffices to verify, for each Z € {C, J, Z},

max II(R* T2 = (\/A log pK,, + v/ Kpun log pK,, + v/ Knul™ ”/2) (A.266)

q+1<j<p

We firstly show ||f{;kHoo is bounded for any ¢ +1 < j < p.

(i) Bounded ||R;}||oo. Let hy = (Hy)y and hyax = maxi<i<y hys. For any r € R”, [(Hyr);| <
Vhii||7||, and thus ||Hgr||cc < v/hAmax||7|. By definition,

(Mgrlloo < [[(In = Hg)7[loo < [|7]loc 4+ v/ Pamax]|7[]- (A.267)

Moreover, it holds that
P < (?2 uRzu?) IR R,) |

k _
B< X)L qjan xi<uny | IRy R (A.268)

IA
I/\B
|/\9’

I MQ
E

IN

Kn
(f?f‘zzq " 2B a,) )HRTR) = Op(ntid),

by the boundedness and local support of B-splines, and ||(R;—Rq)_1H = Op(K,). Therefore, by
Egs. (A.267) and (A.268),

™ * * / % 1
HR]”OO S HRJHoo + hmaxHR]” S Kun + K/\/ Knuni\/K; S K//Un. (A269)
n
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(ii) Maximal inequality for martingale difference array. We start with a high-dimensional
martingale maximal inequality from standard Freedman’s inequality, as an analogue to Lemma A.1

in van de Geer (2008) from Bernstein’s inequality:

Lemma A.4. Let (F;)], be a filtration and (1, M )) be a triangular array indexed by 1 < /¢ < m.
Assume there exist a,, b, > 0 such that for all 1 S {<m,

(i) B[M|F 1] = 0 for all i;
(ii) |M ] < by, almost surely for all i;
(i) 327 Bl Fint] < an.
Then,

max
1<t<m

Z M (\/an logm + b, log m) . (A.270)

Proof of Lemma A.J. By Freedman s inequality (see, e.g., Theorem 1.1, Tropp, 2011), for any € > 0,

n 2
£) €
P > <2 —_ . A.271
( £ = 5) = =P ( 2(an + bna/B)) (A-211)
By the union bound over all 1 < /¢ < m,
&2
M <2 —_—]. A.272
Z 2 €)= 2mep ( 2(an + bn5/3)> (A.272)
Choose ¢ = C(v/a, logm + b, logm) with a sufficiently large constant C' > 0.

(a) If Va,logm > b, logm, we have € < Cv/ay,logm, \/a, > b,\/logm, and a,, + b,e/3 < an,
so the right-hand side of Eq. (A.272) satisfies

max
1<l<m

62

9 - -
mexp < 2(an + bne/3)

> < 2mexp(—KC?logm) = 2m' 5 0, (A.273)

for C large enough.
(b) If Va, logm < b,logm, we have ¢ < Cb, logm, a, < b2logm, and a, + b,e/3 < b2 logm,
so the right-hand side of Eq. (A.272) has the same bound as in Eq. (A.273).
This completes the proof of Lemma A .4.
]

Next, we use Lemma A.4 to prove Eq. (A.266) for each =. We start with some notation: For the
Jj-th block design submatrix R} in Eq. (30), we write each element as

Rijpi = B((z ) 1A, A5 X Lar x|<un)s (A.274)

and the ((j—1)K,+k)-column R, = (Rj ;)i € R™. For R* M, R}, we write the corresponding
“residualized” column as
Rjp =MyRjp = (Rjri)iz € R”, (A.275)
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where each element \Eﬂml < Kuy, by Eq. (A.269).
(ii.1) E = Z. Define
MY = Ry i AP Z1 ary ) <un) (A.276)

and
MPD = MY B[ NP Fiya,] s sothat B [MPP|F i, ] =0 (A.277)

With finite-variation jumps in Z and bounded § under Assumption A.1, it holds that \]\Z(j ’k)] < Kuy,
and thus \Mi(J ’k)| < 2Ku,. For the conditional variance, by It6’s isometry and Markov’s inequality,
E[(A?Z)Qlf(i_l)An] = Op(A,) with an enlarged o-field f(i_l)An = Fli—1)a, Uo(My, A7X). Then,

since Rj; is f(i,l) A,,-measurable, by the law of iterated conditional expectations,

38 [(M5F] Fna, ] < Y [ Foca]
<ZE[ [ AP Z)| Faya }EQM f(z’—l)An] (A.278)
< KA, Z:E[ 2| Fionan
where, since M, is an orthogonal projection,
ZE[ | Fioe mn}] ZE E[I1R;I) < Bl Rl = O, (A279)

and thus ) 1", E[(Mi(j’k))2|f(i_1)A,j = 0,(K,;'A,,) by Markov’s inequality. Therefore, by Lemma A4,

Gk Ay log pKy,
qﬂlg;{gp 1§n};12>}<(n z; M; Op ( K, + un logpK, | . (A.280)
Next, we bound the predictable compensator uniformly. Write
s 7 (4,k - 53 n
Y E [MZ-(] )‘ ]:(i—l)An} =Y E [Rj,k,iAi Z1{|A?Y|§un}‘ f(i—l)An] (A.281)
=1 =1

By the exogeneity condition under Assumption 3, the untruncated product has zero conditional

expectation: E[Ej,k’iA?ﬂf(i,l)An] = 0. Hence, we flip the indicator function

E[ M| Fyan] = < | Biridi 21 apvisu,)

Fi-nan| (A.282)
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and then, by the Cauchy-Schwarz inequality, Lemma A.2 (i), and Markov’s inequality,

Z ’E [J\Z(j’k)‘ ]:(i—l)An} ‘ < KUnZE [\A?ZIH{IA?Y\MTL} }—(i—l)An}
i=1 =1

n /2 / p 1/2
< Ku, (Z E[(A?Z)sz(i—lmno (Z P(|ATY| > un\f(z‘—l)an)>

i=1 i=1
n /2 7y 1/2
K'un (Z Op(An>> (Z Op(AnUET)> — 0,(ul"/?), (A.283)
=1 i=1

for any g+ 1 < j <pand 1<k < K,. Combining Egs. (A.280) and (A.283) in Eq. (A.277), we
obtain

Z UF)

R ZI < VK
e (R5) 2l < Ky max | max

oo Sl s
g+H1<i<p 1<k<Kn M ZE Fi-na

-0, (\/An 108 Ky + \/Kntn log pk,, + \/Knu};’"ﬂ) .

(ii.2) E = C. Define

K, max max (

) (A.284)

N iAn
M(J k) _ R] ki (/(‘ A Zng) 1{|A?Y|§un}7 (A285)
i—1)Ap

and Mi(j’k) = ]\/Zi(j’k) - E[]\Aéfi(j’k)\.?(i,lmn]. By bounded f under Assumption A.1, |Mi(j’k)] < Kuy,.

The remaining steps follow exactly as in (ii.1), and we conclude

max H(R* )'cll=0 (\/A log pK,, + / Knun log pK,, + /K,ul™ T/Q) (A.286)

q+1<j<p

(ii.3) & = J. Using the safe replacement J for J in Eq. (A.82),

MO = Bl Yoo (BLTAX | Taryi<un

(i—1)An<s<iAg (A.287)

= JNT
= Rjki > (B5-) AXs | Tgjan X|<un, [ArY|<un}s
(i—1)Ap <s<iAp

since ﬁjlm already includes the truncation ]1{|A§P,L-X|§un}a and Mi(j’k) = Z\?Z.(j’k) — E[Az(j’k)\}'(i_lmn].
With bounded 8”7 and ¢ under Assumption A.l and finite-variation jumps in X, \Mi(j ’k)] < Kuy,.
For the conditional variance, we follow the same steps as in (ii.1). By the result in Eq. (A.96) and
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Markov’s inequality,

2
E > (BL)TAX, L{ AT X |<un, |APY | <un} Flina, | = Op(Apud™ + A2u?r),
(i-1)An<s<ilAn
(A.288)
and thus > ;" | E[(M ) | Fic1yan] = Op(K, Y (ApuZ2 ™" + AZu,?")). Therefore, by Lemma A 4,
G| (Apu™ + A2uy ") log pK,,
q+1{123?{§p 1&2};{” Z Mi o Op \/ K, + uy, log pKy
- (A.289)

Ay log pK),
:Op< A, logpk,

K, + up, longn> .

We bound the predictable compensator uniformly with the flipped indicator function as in Eq. (A.283),

> e (5] v
i=1

< Kuy, ZE Z (BL)TAX, Ljan, x| <un, |A7Y [>un} | Fi—1)An
i=1 (i—1)Ap<s<iln
" 2 v 1/2
K'u, ZE Z AX, Fli-1)An <Z P(JAYY | > un‘}_(il)An)>
i=1 (i—=1)Ap<s<il, i=1
= Op(ul™"7?). (A.290)

Combining Egs. (A.289) and (A.290), as in Eq. (A.284), leads to

max_|[(R)" 3]l = O, (VAulog pKa + V/Kytun log pEo + v/ Koul"/?) (A.201)

q+1<j<p

Finally, Eq. (A.266) holds by all results in (ii.1), (ii.2) and (ii.3), and this completes the proof.

A.7 Proof of Theorem 5

We define the oracle index set A° = {1,...,q}. Let 'y = {A: AC{l,...,p},A° C A, A # A°}
collect all index sets of overfitting models, I'o = {4 : A C{1,...,p}, A C A°, A # A°} collect those
of underfitting models, and I's = {A : A C {1,...,p}, A° ¢ AJA ¢ A°) A # A°} collect those of
other misspecified models. For any v, A(v) = {j : \/7; W;7; = 7} must fall into one of I'; for
¢ e{1,2,3} if A(y) # A°. |A| denotes the cardinality of A. We aim to show that, with probability

approaching one,

min () > Qn(Y°), A.292
W:A(WAOQ (v) > QL.(¥°) ( )
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which ensures that the global minimizer 4* of Q% (v) coincides with the oracle estimator 4°. It
suffices to show that, for ¢ € {1, 2, 3},

> ( min  Qk(v) — QL(R°) < 0) — 0, (A.293)

(A(y)=A
AcTy Y:A(7Y)

such that, combining with Theorem 4, it holds that the global minimizer 4* exists and satisfies

4* = 4° with probability approaching one. Firstly, we have

Lmin Q)= min | 5Qu(y)+ A > pn (\/ m) L T Y (\/'VJTWm)

JEA() JE{1,-..pNA(Y)

1 A.294)
=— + A\l A, (A.
=5 i L @n(7) + A4
and thus comparing any model A to the oracle model A° reduces to comparing unpenalized losses

and constant penalties:

min - Qi(v) — QL(F°) = »

v:A(y)=A 2 \v:AQy

( i Qul) - Qn('7°)>+>\n(|AI—Q)- (4.205)

For any index set A, let R4 = (R})jea € R™*5nl4l he the submatrix of R formed by blocks j € A.
We define the orthogonal projection matrix Hy = R4(RjR4)7'R ) € R™" onto span(R.4), and
the residualizer M 4 = I,, — H 4, where I, is an identity matrix of dimension n. Both H4 and M 4

are symmetric and idempotent.

Overfitting models. For any overfitting models with A € I'y, the added blocks in the design
matrix R4 corresponding to the index set A\ A° leads to a decrease in the OLS residual sums of
squares. We denote the residual vector by € = M 4cY =Y —RA° =Y — Rov40 € R". For any
irrelevant group j > ¢, we define the spurious improvement in the unpenalized loss from adding
block j as

AQ,, W(A°) — min W) =Y T (Mao — M 4o 40)Y. A.296
Qn,j = Qn(¥°) n,:A(n,)ngu{j}Q(w (M4 A°U{5}) ( )

The following Lemma A.5 provides a uniform bound for AQ, ;:

Lemma A.5. Under the conditions of Theorem 5, there exists a constant K > 0 independent of n

and p such that, as A, — 0,

P(E,) = lP’( max  AQn; < KA, (K, +1ogp)> — 1. (A.297)
q+1<j<p

Proof of Lemma A.5. Define the residualized block as f{; = Ma-R; € R™*Kn the projection

matrix H} = ﬁ;((ﬁ;)Tﬁ;)*l(f{j)T € R™" onto span(f{;), and the corresponding residualizer
M’ = I, — H;. By the Frisch-Waugh-Lovell theorem (Theorem 2.1, Davidson and MacKinnon,
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2004), the OLS residual sums of squares from the overfitted model with the irrelevant block j
satisfies

Y Moy Y =& Mg, (A.298)

so that
AQ,; = e-e'Me=c"Hie=||(P}) e|% (A.299)

where P} = f{;‘f((f{;)—rf{j)_lﬂ, and it suffices to show

HDTEI? < .
q+1{1§1;<§p H(P]) gll* < KA, (K, +logp), (A.300)

with probability approaching one.
Consider a further decomposition based on Eq. (A.33):

I7AV iAp
Y, = / B dXE ) Lary|<uny + / eq dX§
(i—-1)Ap T (i—1)An
N ——

Y, ulv
iAp
- (/ esTdX§> Lgary>u.y + Z (BL)TAX, Lary|<u,} (A.301)
G—DAan (i=1)An<s<iAn

ul® 3

+ A?Zc — A;;LZC]]'{lA;-”Y|>’U,n} + (A?Z — A?ZC)ILHA?Y\Sun} .

z;) z{? z

We denote the leading continuous-martingale term by © = UM + Z() | and all remainders by
Ec {? —Rpoys0, UP I ZP3) | ZG)}. Then, it suffices to show

I TM 40|12 < '
pmax [I(P5) MaeB|" < KAn(Kn +logp), (A.302)

with probability approaching one, and, for each =,

e [(P5) T MaeEIR = 0y(An (K, + logp). (A.303)

We firstly verify Eq. (A.302). Since © contains only continuous semimartingale increments,

I (P;‘»)TM 400||? can be written into a quadratic form of (conditional) Gaussian random variables, and
Eq. (A.302) can be proved with the Hanson-Wright inequality (Hanson and Wright, 1971; Theorem
6.2.1, Vershynin, 2018). Specifically, we assume b,z = 0 without loss of generality as the drift only
contributes a negligible order of A,,, and thus, conditional on a o-field G = o(cs, 05,65 : 0 < s < T),

0O, are independent Gaussian variables with mean 0 and variances

iAp il
Var(0;|G) = / el coesds + / 52ds = v; A\, (A.304)
(i—1)An (i—1)An
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foralli=1,...,n, with 0 < 9; < K for some K > 0 under Assumption A.1. Therefore, we denote

the conditional covariance matrix of © by
Y = Cov(©|G) = diag(v1An, . . ., U, Ay), (A.305)

and thus © = 3127, where I’ is a n x 1 vector of standard Gaussian random variables and is
independent of the conditioning. Then, conditional on the same o-field, H(P;‘)TM 420]|? can be

written into a quadratic form of Gaussian random variables: With symmetric and idempotent M 4o,
[(P3) "M A-0|> =T T2 M- HIM ST = TTA;T,  with A; = SV2HIEY2 (A.306)

By definition of the block-wise orthogonal projection matrix, [|[Hj|| =1 and rank(H}) = K. By

the submultiplicativity of operator norms,

A < IZV2IENIZY2 ) = Anax(B) = max A, < KA, (A.307)
and for symmetric A;, with rank(A;) = rank(Hj) = K,,
A3 < rank(A;)|Aj|? < K°K, A2, (A.308)

By the Hanson-Wright inequality, for any ¢ > 0 and some constant k > 0,

t2 t
P(TTA,L —E[LTA,;T)| > t|G) < 2exp (—k:min {2, }) : (A.309)
1A% (1Al
where

E[NTAT] = tr(A;) = tr(SY2H;EY?) = tr(H;2) < tr(H) | 2| < K| < KK,An. (A.310)

Let t = KA, (v/K,clogp + clogp) for some constant ¢ > 0 satisfying k¢ > 1. Then,

2 KAVl log p)* Kncl logp)?
B A VRucTogp+clogp)® | (VEuelogp+elogpl® L 1o gy
AT KK, A2 o
" KA, (VE,clogp + clogp
TR & > cloup o
J n

Combining Egs. (A.310) to (A.312) in Eq. (A.309) leads to
P (FTA]T > KAL (K, + v/ Kpclogp + clogp)) g) < 9ekelogp — oy =ke, (A.313)

Applying a union bound over all irrelevant blocks, we obtain

P < max AT > KA, (K, + /Knclogp + clogp)‘ g) < 2pt~ke 0, (A.314)
qT1ls)sp
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when p — oo and 1 — kc < 0. Taking expectations on both sides implies the same union bound

holds unconditionally. By Eq. (A.306), it holds that with probability approaching one,

max |[(P}) ' MaeO|> < max T'TA;T < KAy (K, +/Knpclogp+clogp).  (A.315)
q+1<j<p q+1<i<p

Furthermore, with /K, logp < (K,, + logp)/2,

max [|(P}) " Mao0|* < KA, (K, +logp), (A.316)
q+1<j<p

with probability approaching one, i.e., Eq. (A.302) holds.
Next, we show Eq. (A.303) holds for each = € {Y, U®, J, Z& Z®)}. By definition,

[(P}) TMaoE|? = 2T M- H;M4oE < |[M4oE|? < || (A.317)
Next, we show [|Z[? = 0,(A, (K, + logp)) for each =.

(i) 2 = Z®. By definition,

n

IZP)? = (ATZ) T gary >un}- (A.318)
=1

By Hélder’s and BDG inequalities, as well as Lemma A.2 (i), for any ¢ > 2,

n e n rr7c 1 n -
E (A7 291 japyisuny | < (BIAFZ)2) T (PIATY| > w,))' A319)
< KA (Agu, ") = KAT /e,

and it is O(A,u2™") if we choose ¢ > (1 — wr)/(1 — 2w), which is always possible for 1/2(2 —r) <

n

w < 1/2 and 0 < r < 1. By Markov’s inequality,

1222 = 0,(u3) = 0p(An (K, +log p)). (A.320)

n

when AL~7(77) (K, + logp) — oo as required.

(ii) 2 = Z®). By definition,

n

1ZOWP = 3 (ALZ = A2 (Lgapzicun + [Liaryicun — Liazzisun|) (A.321)
i=1
where, by Lemma A.2 (ii) and Markov’s inequality,
> (APZ - AP Z9 1 ar z1<uny = Op(u "), (A.322)

i=1
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and, following the same steps as in Appendix A.4 (v) for truncation mismatch,

Z(A?Z — A?ZC)2 ‘H{\A?Y\gun} — ﬂ{\A?Z|§un}‘ = Op(u%_r vV Anu;%). (A323)
=1

Specifically, we denote X° = (X4,... ,Xq7t)tT20, and follow Eq. (A.209):

> (A7Z - AjZ°) (1{|A?Y|Sun} — L{jarz|<u,}
. " (A.324)
<D (= AFZVLgary s,y + D (ATZ = AT Z) L Apy|<un, |7 21500, A7 X7 <un}-
=1

=1

Note that X° has only a finite dimension of nonzero components (relevant regressors), so the fixed
dimensional result in Appendix A.4 (v) still holds. As in the previous proofs, the OLS regression in
Eq. (12) already incorporates the truncation indicator Lyjarxe|<u,}> SO it does no harm to include
it in any Z. For the first sum in Eq. (A.324),

n

> (= AFZP L ary sy 23 unbaryiuy + 23 (ATZ P Ljapy s,y - (A325)
i=1 i=1 i=1

1z

By Lemma A.2 (i) and Markov’s inequality,

STRP(ATY] > u) = 0W2™) = Y w2Ljary iy = Op(ud 7). (A.326)
i=1 =1

and, with the result for | Z)||? in Eq. (A.320), the first sum in Eq. (A.324) is Op(u2™).
For the second sum, we follow the same steps as from Eqs. (A.212) to (A.215). On {JA?Y] <
Un, |ALZ] > up, ||ATX®|| < uy,}, it holds that, by Eq. (A.213),

w2 < |ATZP < (g + [AFY D] 4 [Ti])2 < 3(2 + |[ATYOP £ [5,2), (A.327)

and thus
IAPZ — APZ°P < K(u2 + |APY D)2 4+ |32 + | AP Z¢%). (A.328)
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By the same event decomposition as in Eq. (A.214),

n nrzc|2
E [\Ai Z — A} Z°| 1{|A?Y|§un,|A?Z|>un,||A?X°||§un}}

<E [wz - A?Zc‘211{u"<m?z|§3%}} +E [|A?Z - A;Zcp1{|A?Y(1)|H3”>2uﬂ}}

< 2 (Bun) P(IATZ] > wn) +2E [|ATZ°1 a7 7150}

(1) )

+E []A;‘Z - A?Zc|2]l{\A?Y(1)\>un}} +E [|A?Z - A?ZC|2H{‘3”>%}}

< (1) +(2) + KulP (\A?Y(l), > un> +KE [’A?Y(l)‘21{|A?Y(1)|>un}}

~~

3) (4)

(5) (6) (7

+KE [IA?Y(DP]L{‘LMH}} +KE [|ji’2ﬂ{‘ji‘>un}} L KE DA?ZC’QIL{WMH}} | (A.329)

(8) 9) (10)

Next, we verify that the above terms (1)—(10) are all O(A,u2™"V A2y 2").

Term (1): By the same result as in Lemma A.2 (i) for the one-dimensional It6 semimartingale Z,
WEP(|AMZ] > up) < KA u2™. (A.330)
Term (2): Following the same steps as in Eq. (A.319),
E (A2 (a7 25 un) | = O(Ant2™). (A.331)
Term (3): By Eq. (A.54),
ulP <|A§‘Y(1)| > un) < KA. (A.332)

Term (4): By the same steps as in Eq. (A.67) and the BDG inequality, for any ¢ > 2,

< KAY?up e,
(A.333)

—2
Ary O\ ? ENA?Y (1|2
E ‘A?Y(I)FR{IA?Y(UDM}} <E ||ary WP (|1|> < H272|]

Up
and it is O(A,u2™") if ¢ > 2(1 — wr)/(1 — 2w), which is always possible for 1/2(2 —r) < w < 1/2
and 0 <r < 1.

Term (5): By Eq. (A.96),

E [ﬁm 1amy sy | < BITP < KA + K/ Adu, ™ (A.334)
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Term (6): Following the same steps as in Eq. (A.319), together with Eq. (A.54),
E[IA7 21 apy )5,y = O(Bnu2 ™). (A.335)
Term (7): By Eq. (A.221),
WP (\32-| > un) < KA. (A.336)
Term (8): By Holder’s and BDG inequalities, together with Eq. (A.221), for some ¢ > 2,

E [IA?YU)PH{‘LMH}} < (E[|Agy(1)|2q]>1/q (P (|ji| - un))kuq
< KA (Apuy, ") 9 = KAZ /e,

(A.337)

and it is O(A,u2™") if we choose ¢ > (1 — wr)/(1 — 2w), which is always possible for 1/2(2 —r) <
w<1/2and 0 <r<1.
Term (9): Same as term (5), we have
E [ﬁim

() S EITP) < KA + K Afuy (A.338)

Term (10): Following the same steps as in Eq. (A.319), together with Eq. (A.221),

E [\A?ZCFJL = O(Apu2™). (A.339)

{|3i|>Un}}

Combining all terms (1)—(10) in Eq. (A.329) leads to
E [’A?Z — AP ZP1any|<un, AP Z|>un, ||A;LX°H§un}} = O(Anuy "V AZu,?"), (A.340)

and thus Eq. (A.323) holds. Combining Egs. (A.322) and (A.323) in Egs. (A.321) and (A.317), we
obtain
[P T ZO | = 0p(u2 " v M) = 0p(An(Fn + logp), (A311)

when A,(ll_w@_r))vzwr([{n + logp) — oo as required.

(iii)) E = Y — R gov40. Consider the same decomposition as in Appendix A.3 (i), i.e., Egs. (A.71)
and (A.72),
Y —Raoyae = (YD — Ryoyae) + YO, (A.342)
Since the oracle index set A° has fixed cardinality ¢, the arguments used in the proofs of Theorems 1
and 2 apply verbatim to the restricted oracle regression. By Eqs. (A.74) to (A.76) and Markov’s
inequality,

YD — Rpoyacl? = Op(Apuy,” V u™™) = Op(u™). (A.343)

n
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and, by Eq. (A.79),
[V = 0,(A2K3). (A344)

Combining Egs. (A.343) and (A.344) in Eq. (A.342) leads to
1Y = Rasyas |2 = Op(u v A2K2) = 0, An(K + log), (4.345)
when A%L_WQ_T) (K, + logp) — o0, and since A, K, — 0,
A K? = o(A,K,) = o(An (K, +logp)). (A.346)

(iv) 2 = U®, By Hélder’s and BDG inequalities, as well as Lemma A.2 (i), for any ¢ > 2,

iAn 2
E[UZQ] =E (/ esTdXsc> 1{|A?Y|>un}
(i—-1)A,

A, 2]\ /4 (A.347)
E (/ ede§> (P(IA?Y | > uy)) ' ~19
(

i—1)An

IN

< KA, (Apu;") 7V = KA2ZYayr/aT,

and it is O(A,u2™") if we choose ¢ > (1 — @r)/(1 — 2w), which is always possible for 1/2(2 —r) <
w < 1/2 and 0 < r < 1. Therefore,

IUI1° = Op(up ") = 0p(An(Ky + logp)), (A.348)

when Ay @) (Kp, +logp) — oo.

(v) E = J. Same as in (ii), we employ the safe replacement J with the additional truncation

indicator Lgjarxo|<u,}- By Eq. (A.97) and Markov’s inequality,
117 = Op(un™™ v Aput,*") = 0p(An(Ky + logp)), (A.349)
when ALV (B4 10g p) — oo

Combining results in (i)—(v) in Eq. (A.317) completes the proof of Lemma A.5.

For any index set A, we define the total loss reduction from adding all blocks in A\ A° as

AQu(4) = Qu(F*) ~_ min Qu(). (A.350)
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Lemma A.6. Under the conditions of Theorem 5, it holds that for any A € I'y,

AQn(A) < (|A| —q) max AQn,; (A.351)

q+1<5<p

Proof of Lemma A.6. We denote by Qn(A) = miny.g(y)=4 @n(7), where Q,(A°) = Qn(7°). Fix
A € T'y, and enumerate the redundant groups as A\ A° = {ji,..., J| A|,q}. Define the nested sequence

of index sets
Ay = A°, Zk:AOU{jl,...,jk}, where k =1,...,|A| —q. (A.352)

The total improvement from A° to A can be written as a sum of incremental improvements:
[Al—q
AQn(A) =Y T(Mao —MA)Y = > Y (My _ —Mgy)Y. (A.353)
k=1

We define the residualized block lvl;‘k =Mz R € R™*Kn  the orthogonal projection matrix
TE . Pk Dx \TPR* \—1/Px* \T .

H; =R} (R} ) R; ) (R} ) €R"™". We follow the same steps as in Eqs. (A.298) and (A.299),
by the Frisch-Waugh-Lovell theorem,

T Try* Try*
Y (MZk—l B MZk>Y - (MquY) ij (Mzk—lY) =Y ijY' (A'354)

Since A° C Ay forall k =1,...,|4]| — g, span(f{;k) = span(Myz, R} ) C span(Mu-R] ), and

thus the projector I:I;‘k is onto a smaller subspace than H;k, so that
Y'H, Y <Y'H,Y, where Hj = (MgR})(Ma-R}) MsR;) 'MaR,. (A.355)

Therefore, by the definition of AQy ; in Eq. (A.296) and the same steps as in Eq. (A.354),

|Al—q

Tyy* _
AQn(A Z YH; Y < (JA]—q) max AQn;. (A.356)

This completes the proof of Lemma A.6.

O
By Lemmas A.5 and A.6, it holds for any A € T'; on the event E, in Eq. (A.297) that
AQn(A) < K(|A] = 9)An(Ky + logp). (A.357)
By Egs. (A.295) and (A.357), on E,,
~ K
i Q50— Q3 2 (141 - ) (G Al +logp) + A ) >0 (A358)
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since |A| — ¢ > 1 and A\, > A, (K, + logp) as required. Consequently, by Lemma A.5,

P <3A el : min Qi(y)—QL(RF°) < 0) < P(EL) — 0. (A.359)
Y:A(y)=A

Underfitting models. For any underfitting models with A € I's, the difference between unpenal-
ized losses in Eq. (A.295) satisfies

Qn(3°) = min  Qu(y) =Y (Mae — M4)Y, (A.360)
T:A(Y)=A

where the right-hand side corresponds to the decrease of OLS residual sums of squares from adding
missed relevant regressors in A” = A°\ A # & to A.

Consider the decomposition of the design matrix R = (R}, R} A {1 o AO)T and the oracle
estimator 4° = ((33) ", (%) ",07) T, and thus

MAY = MA(RAvG + Raryyr + €) = MaR A G + €, (A.361)

because M 4R 4 = 0 and M 4€ = € by definition. With similar applications of the Frisch-Waugh-
Lovell theorem as in Eq. (A.298), it holds that

Y ' (M4 —Mgp)Y =Y (Mg —Myuan)Y
= (MAY) "M 4R 4 (MAR4#) "M 4R 1) Y (MR 4/) "M 4 Y
= (¥3) "RAsMAR A Y% + 2(3%0) "RAvE + € Ran(RixMaRAn) 'R )€
> (Far) ' RAMaR TG +2(3530) TRE, (A.362)

where the nonnegative quadratic term of € is dropped for a lower bound. Since € is orthogonal to

the span of R0, we have Rgué\ = 0 and thus the cross term vanishes. Therefore, it holds that

YT (M4 —Mao)Y > (F50) "R MaRFG > K Y (75) W75 > K(q - |A|) mln('y]) W75
]EA”
(A.363)

By Egs. (A.258) and (A.259), /(75)TW;73 N |BjllLz > 0 for all j € A°. Therefore, for some
bmin = K minje 40 ||8;25 > 0, it holds that

P <jn€1114n(fy]) W]%O > bmin> — 1. (A.364)

By Eqgs. (A.295) and (A.363),
i *(v) — QX (R° A" TW 3% — A l47). A.365
Anin @n(y) = @u(37) = | | min (7)) W77 = AnlA7 (A.365)
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With the union bound in Eq. (A.364) and A, — 0, it holds that

IP’(HAGFQ wmin @*(v)—cm°>go)g1—]p<

L nin mln(’y]) W]fyj > bmm) — 0. (A.366)

jeEA°

Misspecified models. For any misspecified models with A € I'3, we denote by A’ = AN A°
the index set of included relevant regressors, by A” = A°\ A # & the index set of missed relevant
regressors, and by A” = A\ A° # & the index set of spurious regressors, and thus A° = A’ U A” and
A= A"UA". Tt holds that

Qn(3°)— min Qu(y) =Y (Mg —M,y)Y
Y:A(y)=A
= YT(MAluA// — MA/)Y — YT(MA’UA”’ — MA/)Y (A367)
=Y (Mauar —Ma)Y + YT (Ma — Mauan)Y,
where the first term is the decrease of OLS residual sums of squares from adding missed relevant
regressors, and the second term is the increase from excluding spurious regressors. For the second

term, we have

YT(MA/ —_— MA/UA///)Y = YT(MA/ —_— MA/UA// + MA/UA// —_— MA/UA//UA/// _|'_ MA/UA//UA/// - MA/UA///)Y
<Y ' (Ma —Maua)Y +Y T (Mayar — Magarpan)Y, (A.368)

since YT (M argaruam — Magam)Y <0, and therefore

Qn(3°) —_ min Qn(y) < Y T (Mauar — Mauaruan)Y =Y (Mge — Myepan)Y.  (A.369)
Y:A(Y)=

By Lemmas A.5 and A.6, it holds that, on the event E,,

@n(¥°) —W{?;n Qn(7) < K|A"|An(Ky +logp). (A.370)

Bring it back to Eq. (A.295), on the event E,,

: * * (250 K
min  Q(v) — Qn(¥°) > —5\A”’!An(Kn +logp) + M\ (JA| + |A"] — q)

Y:A(y)=A
A.371
n K " ( )
> [AY]{ =5 An(Kn +logp) + An | = Aa]A"| >0,
since |A"”'| > 1, A\, > A, (K, +logp), and A\, — 0. Consequently, by Lemma A.5,
P (HA €ly:_ min L Qi) - QL) < o> <P(EL) = 0. (A.372)
A7)

In conclusion, Egs. (A.359), (A.366) and (A.372) are sufficient for Eq. (A.293). This completes the

proof.
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Appendix B Supplementary Materials

B.1 Supplementary Simulation Results

In addition to the simulation results in Section 4 (Tables 1 and 2), this appendix reports supplemen-
tary Monte Carlo evidence on the sensitivity of the proposed estimation procedure. Unless stated
otherwise, the data-generating process and tuning choices follow the baseline design in Section 4.1,

and results are reported in Table B.1-B.4.

Alternative truncation threshold. Tables B.1 and B.2 report the model estimation and selection
results, respectively, with a less aggressive truncation threshold 4A%47\/MedRV7 for the increments

of Y and each component of X, with the same simulation design used in Section 4.

Imperfect multicollinearity. To introduce imperfect multicollinearity while preserving the
baseline dependence among the relevant factors, we construct the p x p correlation matrix in block

form. We fix the relevant block to have the same Toeplitz structure as in Section 4.1, i.e.,

pi1 = <0.15\i—ﬂ'|> (B.1)

1<ij<q
We then generate the redundant-factor block ps from a simple latent-factor construction, which
is positive definite by construction and can exhibit relatively strong within-block dependence.

)xk

Specifically, we draw a loading matrix L € R®P~-9*k where k is the latent-factor dimension, and set

p22 = LL' + diag(1 — | L;.||%), (B.2)

where ||L;.|| is the Euclidean norm of the i-th row of L. Next, we draw a candidate cross-correlation
block pi, € R7*(P=9) with entries i.i.d. U[—1,1]. Since an arbitrary choice of p1» may violate positive
definiteness of the full matrix, we scale the cross-block by a single factor and set pi;2 = Kpjy, where

k € (0,1] is chosen as large as possible subject to the Schur-complement condition, i.e.,
T, 1
P22 — K(pi) P11 Pl2 (B.3)

is positive definite. The final correlation matrix

P11 P12

P12 P22
is symmetric with unit diagonal and positive definite. Hence, the relevant-factor dependence remains
comparable to the baseline design in the main text, while it allows stronger dependence among
the redundant factors and nontrivial correlations between relevant and redundant factors. Fig. B.1

plots the histogram of all off-diagonal entries of p for the case p = 500. The model estimation and

selection results are reported in Tables B.3 and B.4, respectively.
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Figure B.1: Histogram of all off-diagonal entries of the correlation matrix p for the case p = 500.
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Table B.1: Simulation results for model estimation with alternative truncation threshold

Panel A:p=3

fEl,T fBzT TB&T
Estimator Tuning Bias Stdev RMSE Bias Stdev RMSE Bias Stdev RMSE
Spline 0.023  2.793 2.792 -0.024  2.537 2.536 -0.022  2.331 2.330
Spline TLP ar = 0.05 0.023  2.793 2.792 -0.024  2.537 2.536 -0.022  2.331 2.330
Spline TLP ar =0.01 0.023  2.793 2.792 -0.025  2.537 2.536 -0.021  2.331 2.330
AKX kn =178 0.000 2.871 2.869 0.000  2.632 2.631 -0.010  2.451 2.450
AKX kn =91 -0.018  2.887 2.885 -0.021  2.621 2.619 -0.027  2.475 2.474
AKX kn =117 -0.048  2.894 2.893 -0.003  2.640 2.638 0.003  2.495 2.494
Panel B: p =10

fBl,T TBZT fB3,T
Estimator Tuning Bias Stdev RMSE Bias Stdev RMSE Bias Stdev RMSE
Spline -0.144  3.032 3.034 -0.026  2.806 2.805 -0.095  2.507 2.508
Spline TLP ar = 0.05 -0.152  3.004 3.006 -0.024  2.776 2.774 -0.085  2.450 2.451
Spline TLP ar =0.01 -0.152  3.004 3.006 -0.024  2.775 2.774 -0.085  2.451 2.451
AKX kn =178 -0.122  3.325 3.326 -0.003  3.022 3.020 -0.165  2.771 2.775
AKX kn =91 -0.187  3.221 3.225 0.018  3.102 3.101 -0.094  2.663 2.663
AKX kn =117 -0.123  3.233 3.234 -0.004  3.088 3.086 -0.123  2.688 2.690
Panel C: p = 50

fBl,T fBzT fB3,T
Estimator Tuning Bias Stdev RMSE Bias Stdev RMSE Bias Stdev RMSE
Spline -0.184  2.898 2.902 -0.019  3.158 3.156 -0.070  2.941 2.940
Spline TLP ar = 0.05 -0.199  2.667 2.673 0.014  3.066 3.065 -0.182  2.993 2.997
Spline TLP ar =0.01 -0.201  2.669 2.675 -0.004  3.053 3.051 -0.092  2.647 2.647
AKX kn =178 -0.151  5.135 5.135 0.009  5.095 5.092 -0.314  4.887 4.895
AKX kn =91 -0.046  4.671 4.669 -0.030  4.691 4.689 -0.263  4.235 4.241
AKX kn =117 -0.127  3.894 3.895 -0.042  4.140 4.138 -0.124  3.866 3.866
Panel D: p = 100

fBl,T TBZT fBi%,T
Estimator Tuning Bias Stdev RMSE Bias Stdev RMSE Bias Stdev RMSE
Spline -0.108  3.351 3.351 0.261  2.964 2.974 -0.241  3.487 3.494
Spline TLP ar = 0.05 -0.082  2.933 2.932 0.280  2.601 2.615 -0.342  3.380 3.396
Spline TLP ar =0.01 -0.085  2.928 2.928 0.270  2.597 2.610 -0.282  3.348 3.358
AKX kn =178 - - - - - - - - -
AKX kn =91 - - - - - - - - -
AKX kn =117 -0.112  8.294 8.291 0.530  7.133 7.149 -0.346  9.036 9.038
Panel E: p = 500

]/Bl,T fBzT fB3,T
Estimator Tuning Bias Stdev RMSE Bias Stdev RMSE Bias Stdev RMSE
Spline -45.012  1.572  45.039 34.732  1.564  34.768 -20.000  1.538  20.059
Spline TLP ar = 0.05 -0.065  2.545 2.544 0.105  2.626 2.626 -0.058  2.555 2.555
Spline TLP ar =0.01 -0.065  2.543 2.542 0.103  2.625 2.626 -0.041  2.470 2.469
AKX kn =178 - - - - - - - - -
AKX kn =91 - - - - - - - - -
AKX kn =117 - - - - - - - - -

All these quantities are multiplied by 100. The cutoff level in the TLP function is 7, = arv/MedRV for each simulated path of
Y. The number of B-spline basis functions K, and the effective penalty level Ay /7, are selected via 5-fold cross-validation. AKX
stands for the estimator of Ait-Sahalia et al. (2020). For both the spline-based and AKX estimators, the truncation thresholds
for the increments of Y and each component of X are given by 4A%47\/MedRVr. All results are based on 1,000 Monte Carlo
replications.
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Table B.2: Simulation results for model selection with alternative truncation threshold

ar = 0.05 ar = 0.01
Relevant Irrelevant Correct Relevant Irrelevant Correct
p=3 1.000 - 1.000 1.000 - 1.000
p=10 1.000 0.041 0.745 1.000 0.000 1.000
p =50 1.000 0.011 0.604 1.000 0.000 1.000
p =100 1.000 0.038 0.019 1.000 0.000 1.000
p = 500 1.000 0.010 0.014 1.000 0.000 0.788

Average selection frequencies for the relevant and irrelevant factors, and frequencies of correct model specification.
The cutoff level in the TLP function is 7, = arv/MedRVr for each simulated path of Y. The number of B-spline
basis functions K, and the effective penalty level A\, /7, are selected via 5-fold cross-validation. The truncation
thresholds for the increments of ¥ and each component of X are given by 4A%47\/MedRV7. All results are based

on 1,000 Monte Carlo replications.
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Table B.3: Simulation results for model estimation with imperfect multicollinearity

Panel A: p=3

fEl,T fBz,T I/BS,T
Estimator Tuning Bias Stdev RMSE Bias  Stdev RMSE Bias Stdev RMSE
Spline -0.249 2.829 2.839 0.161 2.527 2.531 -0.112 2.345 2.347
Spline TLP ar = 0.05 -0.250 2.829 2.839 0.162 2.527 2.531 -0.112 2.345 2.347
Spline TLP ar =0.01 -0.250 2.829 2.839 0.162 2.527 2.531 -0.112 2.345 2.347
AKX kn =178 -0.257 2.900 2.910 0.170 2.622 2.626 -0.103 2.447 2.448
AKX kn =91 -0.279 2.920 2.931 0.165 2.619 2.623 -0.127 2.486 2.488
AKX kn =117 -0.314 2.929 2.945 0.177 2.631 2.636 -0.091 2.497 2.498
Panel B: p =10

fBl,T ff\Bz,T fE&T
Estimator Tuning Bias Stdev RMSE Bias  Stdev RMSE Bias Stdev RMSE
Spline -0.337 5.401 5.409 0.288 9.212 9.212 -0.165 52.775 52.748
Spline TLP ar = 0.05 -0.302 3.033 3.046 0.257 2.889 2.899 -0.081 2.552 2.552
Spline TLP ar =0.01 -0.302 3.032 3.046 0.258 2.889 2.899 -0.089 2.529 2.530
AKX kn =178 0.038 11.424 11.418 -0.439 22.124  22.117 4.002 129.714 129.711
AKX kn =91 -0.006 10.902 10.897 -0.393  20.901 20.895 3.525 122475 122.465
AKX kn =117 -0.412 10.325 10.328 0.405 19.823 19.817 -0.967 115.436 115.382
Panel C: p =50

fBl,T f/\BQ,T 7B3,T
Estimator Tuning Bias Stdev RMSE Bias  Stdev RMSE Bias Stdev RMSE
Spline -1.297 7.651 7.756 1.573 8.529 8.668 -2.245 13.414 13.594
Spline TLP ar =0.05 -0.226 2.845 2.852 0.225 3.217 3.224 -0.196 2.670 2.676
Spline TLP ar =0.01 -0.224 2.845 2.852 0.224 3.231 3.237 -0.193 2.757 2.762
AKX kn =178 0.124 44.185 44.163 0.216 48.798 48.774 0.928 92.308 92.267
AKX kn =91 0.714 37.624 37.612 -0.801 41.825 41.812 2.677 79.908 79.913
AKX kn = 117 -0.465 27.295 27.285 0.548 30.044 30.034 -0.405 57.546 57.518
Panel D: p = 100

fBl,T f/\BQ,T 7B3,T
Estimator Tuning Bias Stdev RMSE Bias  Stdev RMSE Bias Stdev RMSE
Spline -6.568 8.022 10.364 5.921 6.179 8.556 -3.756 6.944 7.892
Spline TLP ar = 0.05 -0.531 3.448 3.487 0.599 2.771 2.834 -0.277 3.048 3.059
Spline TLP ar =0.01 -0.532 3.449 3.488 0.587 2.767 2.828 -0.233 2.921 2.929
AKX kn =178 - - - - - - - -
AKX kn =91 - - - - - - - - -
AKX kn = 117 3.499 100.218 100.229 -3.375  92.011  92.027 2.155 58.581 58.591
Panel E: p = 500

fBl,T f/\BQ,T 7B3,T
Estimator Tuning Bias Stdev  RMSE Bias  Stdev RMSE Bias Stdev  RMSE
Spline -45.035 1.801 45.071 35.018 1.902  35.069 -20.468 2.029 20.568
Spline TLP ar = 0.05 -0.676 3.072 3.144 0.836 3.398 3.498 -1.109 5.477 5.585
Spline TLP ar =0.01 -0.668 3.064 3.135 0.756 3.379 3.461 -0.466 4.387 4.410
AKX kn =178 - - - - - - - -
AKX kn =91 - - - - - - - -
AKX kn =117 - - - - - - - - -

All these quantities are multiplied by 100. The modified simulation design allows dependence among the redundant factors and
also correlations between relevant and redundant factors. The cutoff level in the TLP function is 7, = ar+/MedRVt for each
simulated path of Y. The number of B-spline basis functions K, and the effective penalty level A, /7, are selected via 5-fold
cross-validation. AKX stands for the estimator of ATt-Sahalia et al. (2020). For both the spline-based and AKX estimators, the
truncation thresholds for the increments of Y and each component of X are given by 3A%‘47\/WRVT. All results are based on
1,000 Monte Carlo replications.
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Table B.4: Simulation results for model selection with imperfect multicollinearity

ar = 0.05 ar = 0.01
Relevant Irrelevant Correct Relevant Irrelevant Correct
p=3 1.000 - 1.000 1.000 - 1.000
p=10 1.000 0.010 0.931 1.000 0.000 0.997
p=>50 1.000 0.003 0.878 1.000 0.000 1.000
p =100 1.000 0.012 0.348 1.000 0.000 1.000
p =500 1.000 0.062 0.000 0.999 0.000 0.984

Average selection frequencies for the relevant and irrelevant factors, and frequencies of correct model specification.
The modified simulation design allows dependence among the redundant factors and also correlations between
relevant and redundant factors. The cutoff level in the TLP function is 7, = a-v/MedRVr for each simulated
path of Y. The number of B-spline basis functions K, and the effective penalty level A\, /7, are selected via
5-fold cross-validation. The truncation thresholds for the increments of Y and each component of X are given by
3A%47,/MedRVr. All results are based on 1,000 Monte Carlo replications.
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B.2 Supplementary Empirical Results

Sample information. Table B.5 reports the list of individual stocks in our sample, including their
sector and industry group assignments. Sector classifications are based on the GICS sector code
from WRDS Compustat. The Fama-French 48 industry group for each firm is assigned based on its
four-digit SIC code from Compustat and the SIC-to-industry definitions from Kenneth R. French’s

data library. Table B.6 reports the fraction of zero 5-minute returns in each year for all 57 stocks.

Table B.5: Descriptive information of selected S&P 100 stocks

Symbol  Security GICS Sector SI1C Fama-French 48 Industry
AAPL  Apple Inc 45 Information Technology 3663 Electronic Equipment (36)
ABBV  AbbVie Inc 35 Health Care 2836 Pharmaceutical Products (13)
ACN Accenture Plc 45 Information Technology 8742 Business Services (34)
AMGN Amgen Inc 35 Health Care 2836 Pharmaceutical Products (13)
AMZN  Amazon.com Inc 25 Consumer Discretionary 5961 Retail (42)
AXP American Express Co 40 Financials 6141 Banking (44)
BA Boeing Co 20 Industrials 3721 Aircraft (24)
BIIB Biogen Inc 35 Health Care 2836 Pharmaceutical Products (13)
BLK BlackRock Inc 40 Financials 6282 Trading (47)
BMY Bristol-Myers Squibb Co 35 Health Care 2834 Pharmaceutical Products (13)
C Citigroup Inc 40 Financials 6199 Banking (44)
CAT Caterpillar Inc 20 Industrials 3531 Machinery (21)
COF Capital One Financial Corp 40 Financials 6141 Banking (44)
COP ConocoPhillips 10 Energy 1311 Petroleum and Natural Gas (30)
COST  Costco Wholesale Corp 30 Consumer Staples 5399 Retail (42)
CVS CVS Health Corp 35 Health Care 8000 Healthcare (11)
CVvX Chevron Corp 10 Energy 2911 Petroleum and Natural Gas (30)
DIS Walt Disney Co 50 Communication Services 4888 Communication (32)
EMR Emerson Electric Co 20 Industrials 3823 Measuring and Control Equipment (37)
FDX FedEx Corp 20 Industrials 4513 Transportation (40)
GD General Dynamics Corp 20 Industrials 3721 Aircraft (24)
GILD Gilead Sciences Inc 35 Health Care 2836 Pharmaceutical Products (13)
GOOG  Alphabet Inc 50 Communication Services 7370 Business Services (34)
GS Goldman Sachs Group Inc 40 Financials 6211 Trading (47)
HD Home Depot Inc 25 Consumer Discretionary 5211 Retail (42)
HON Honeywell International Inc 20 Industrials 9997

IBM IBM 45 Information Technology 7370 Business Services (34)
JNJ Johnson & Johnson 35 Health Care 2834 Pharmaceutical Products (13)
JPM JPMorgan Chase & Co 40 Financials 6020 Banking (44)
LLY Eli Lilly & Co 35 Health Care 2834 Pharmaceutical Products (13)
LMT Lockheed Martin Corp 20 Industrials 3760 Defense (26)
LOW Lowe’s Cos Inc 25 Consumer Discretionary 5211 Retail (42)
MA Mastercard Inc 40 Financials 7389 Business Services (34)
MCD McDonald’s Corp 25 Consumer Discretionary 5812 Restaurants, Hotels, Motels (43)
MDT Medtronic Plc 35 Health Care 3845 Medical Equipment (12)
MMM  3M Co 20 Industrials 9997

MO Altria Group Inc 30 Consumer Staples 2111 Tobacco Products (5)
MRK Merck & Co Inc 35 Health Care 2834 Pharmaceutical Products (13)
MSFT  Microsoft Corp 45 Information Technology 7372 Business Services (34)
NKE Nike Inc 25 Consumer Discretionary 3021 Apparel (10)
PEP PepsiCo Inc 30 Consumer Staples 2080 Beer & Liquor (4)

Continued on next page.
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Symbol  Security GICS Sector SIC Fama-French 48 Industry

PG Procter & Gamble Co 30 Consumer Staples 2840 Consumer Goods (9)
PM Philip Morris International Inc 30 Consumer Staples 2111 Tobacco Products (5)
QCOM  Qualcomm Inc 45 Information Technology 3674 Electronic Equipment (36)
SBUX  Starbucks Corp 25 Consumer Discretionary 5812 Restaurants, Hotels, Motels (43)
SLB Schlumberger Ltd 10 Energy 1389 Petroleum and Natural Gas (30)
SPG Simon Property Group Inc 60 Real Estate 6798 Trading (47)
TGT Target Corp 30 Consumer Staples 5331 Retail (42)
UNH UnitedHealth Group Inc 35 Health Care 6324 Insurance (45)
UNP Union Pacific Corp 20 Industrials 4011 Transportation (40)
UPS UPS 20 Industrials 4210 Transportation (40)
\% Visa Inc 40 Financials 6099 Banking (44)
vz Verizon Communications Inc 50 Communication Services 4812 Communication (32)
WBA Walgreens Boots Alliance Inc 30 Consumer Staples 5912 Retail (42)
WFC Wells Fargo & Co 40 Financials 6020 Banking (44)
WMT  Walmart Inc 30 Consumer Staples 5331 Retail (42)
XOM Exxon Mobil Corp 10 Energy 2911 Petroleum and Natural Gas (30)

Individual stocks used in the empirical analysis. Sector classifications are based on the GICS sector code from WRDS Compustat.
The Fama-French 48 industry group for each firm is assigned based on its four-digit SIC code from Compustat and the
SIC-to-industry definitions from Kenneth R. French’s data library.

Table B.6: Proportions of zero 5-minute returns (%) for selected S&P 100 stocks

Symbol 2016 2017 2018 2019 2020 | Symbol 2016 2017 2018 2019 2020
AAPL 1.75 1.59 0.88 1.09 0.39 | LLY 3.82 4.71 3.81 2.98 1.45
ABBV 3.35 3.45 1.99 2.86 1.60 | LMT 1.24 1.39 0.99 0.92 0.47
ACN 3.05 3.19 2.00 2.04 1.22 | LOW 3.69 3.30 2.49 2.70 1.13
AMGN 1.59 1.72 1.17 1.50 0.88 | MA 3.49 3.58 1.37 1.44 0.64
AMZN 0.37 0.21 0.16 0.17 0.13 | MCD 3.09 2.98 1.87 1.73 1.02
AXP 4.65 4.71 3.16 3.40 1.75 | MDT 3.44 4.01 3.12 2.79 1.81
BA 2.05 1.67 0.58 0.61 0.46 | MMM 2.14 2.21 1.40 1.69 0.99
BIIB 0.69 0.86 1.01 1.27 0.88 | MO 3.90 4.13 3.11 3.06 3.03
BLK 0.63 0.87 0.80 0.85 0.58 | MRK 3.93 4.37 3.23 3.23 2.01
BMY 3.40 4.13 3.71 4.17 2.55 | MSFT 3.03 3.39 1.63 1.52 0.69
C 3.97 3.51 2.83 3.32 1.91 | NKE 3.52 4.39 3.30 2.99 1.78
CAT 3.35 2.93 1.42 2.27 1.24 | PEP 3.44 3.55 2.67 2.80 1.57
COF 4.24 3.58 2.97 3.44 2.01 | PG 2.95 3.72 2.53 2.70 1.93
COP 3.59 4.16 3.40 3.40 2.43 | PM 3.19 3.50 2.73 3.13 2.44
COST 2.06 1.88 1.29 1.12 0.56 | QCOM 3.81 3.52 3.08 2.85 1.37
CVS 3.07 3.18 2.92 2.74 1.80 | SBUX 3.39 4.09 3.48 3.04 1.66
CVX 2.37 2.80 1.88 2.46 1.34 | SLB 3.06 3.42 2.79 4.00 3.43
DIS 2.51 2.62 2.09 1.71 0.83 | SPG 1.65 2.03 1.92 1.88 1.19
EMR 4.61 4.63 3.34 4.06 2.54 | TGT 3.67 3.57 2.82 2.71 1.32
FDX 1.95 1.75 0.99 1.41 0.78 | UNH 2.27 1.91 1.13 1.17 0.58
GD 2.01 1.77 1.48 1.87 1.31 | UNP 3.02 2.97 1.88 2.00 1.21
GILD 2.52 3.37 2.77 3.51 2.06 | UPS 3.71 3.40 2.07 2.66 1.13
GOOG 0.42 0.51 0.38 0.45 0.26 | V 3.22 3.29 1.85 1.86 0.82
GS 1.90 1.40 1.11 1.67 0.83 | VZ 3.96 3.73 3.26 3.82 2.58
HD 2.18 2.47 1.43 1.34 0.74 | WBA 3.84 4.32 3.32 3.65 2.72
HON 2.85 3.44 2.01 2.22 1.19 | WFC 3.96 3.82 3.41 4.22 2.61
IBM 2.30 2.35 1.70 2.27 1.44 | WMT 4.26 3.89 2.56 2.88 1.23
JNJ 3.25 2.82 1.88 2.38 1.11 | XOM 2.96 3.40 2.59 3.03 1.77
JPM 3.23 2.92 1.83 2.26 1.19 - - - - -
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Factor selection. In addition to the factor selection results for representative stocks in Fig. 5 and
the pooled rankings in Tables 3 and 4, we report the full sample results on the average number of
selected factors for all selected S&P 100 stocks and Fama-French industry portfolios in Tables B.7
and B.8, respectively.

Table B.7: Average number of selected factors per year for selected S&P 100 stocks

Symbol 2016 2017 2018 2019 2020 | Symbol 2016 2017 2018 2019 2020
AAPL 20.67 18.33 16.33 15.50 12.92 | LLY 6.50 6.08 6.50 12.00 9.00
ABBV 22.08 17.25 27.17 6.83 14.83 | LMT 7.67 4.75 6.83 8.08 7.42
ACN 3.33 1.08 2.50 2.00 1.67 | LOW 6.08 3.25 4.50 4.25 6.83
AMGN 12.33 9.75 5.75 8.83 6.83 | MA 7.42 13.58 15.75 17.83 18.25
AMZN 24.75 22.33 15.17 16.83 13.58 | MCD 9.42 6.83 2.50 10.42 6.08
AXP 2.67 3.08 6.58 9.50 2.83 | MDT 1.75 1.08 2.17 2.92 1.67
BA 12.67 12.92 16.42 18.67 22.83 | MMM 2.58 2.67 7.33 3.58 3.50
BIIB 3.92 4.67 4.25 1.92 2.92 | MO 15.92 12.83 21.17 20.92 9.08
BLK 2.33 2.00 3.33 3.75 2.50 | MRK 15.00 9.58 13.67 18.83 15.75
BMY 18.50 7.00 6.83 8.00 18.67 | MSFT 21.25 17.67 18.67 12.42 11.42
C 19.25 20.50 17.25 10.33 8.67 | NKE 19.00 5.00 9.08 4.25 7.75
CAT 3.58 3.92 7.58 7.83 4.67 | PEP 10.58 11.25 15.67 14.75 8.67
COF 4.67 4.92 5.25 5.25 4.08 | PG 19.33 19.17 14.00 16.42 16.33
COP 7.67 10.42 12.75 10.75 8.67 | PM 18.50 23.08 14.00 22.67 8.25
COST 2.67 0.92 3.17 6.08 7.92 | QCOM 14.83 7.17 7.25 13.25 5.25
CVS 10.92 8.58 4.25 8.58 3.92 | SBUX 7.17 2.42 1.08 3.58 4.17
CVX 25.58 23.67 23.33 17.42 28.67 | SLB 4.58 5.17 9.67 4.50 4.50
DIS 21.75 12.67 16.50 33.00 35.17 | SPG 0.92 0.17 1.58 0.58 3.17
EMR 2.08 4.17 4.75 3.75 3.08 | TGT 1.83 3.42 5.83 3.33 1.83
FDX 1.17 0.42 2.08 2.92 3.00 | UNH 25.50 26.83 13.17 20.67 20.67
GD 1.83 3.42 3.00 2.42 2.75 | UNP 6.25 3.75 7.67 14.25 5.10
GILD 25.00 7.75 10.83 5.42 6.75 | UPS 1.83 0.92 2.50 4.67 1.42
GOOG 7.00 12.83 15.08 15.50 12.25 | V 20.08 21.58 18.75 19.83 17.50
GS 5.92 7.92 11.00 7.92 3.92 | VZ 29.75 20.67 21.83 20.50 15.17
HD 22.83 23.92 32.08 24.58 20.42 | WBA 13.75 6.58 3.58 2.33 2.67
HON 3.75 3.50 7.92 7.17 2.67 | WFC 25.58 26.33 26.75 23.42 14.67
IBM 18.33 7.83 5.67 3.25 4.67 | WMT 33.92 27.92 22.58 28.08 17.00
JNJ 15.33 17.00 22.08 26.42 23.33 | XOM 22.67 25.50 22.00 20.42 27.33
JPM 18.00 16.17 15.92 20.42 31.75 - - - - -

Average number of selected factors per year for all selected S&P 100 stocks. The candidate covariate set consists of the 224
high-frequency factors of Aleti (2023). The cutoff level in the TLP function is 7, = 0.014/MedRVr, where MedRV denotes the
MedRV of the test asset computed over the corresponding estimation window [0, T]. The number of B-spline basis functions Ky,
and the effective penalty level A\, /7, are selected via 5-fold cross-validation using the one-standard-error rule.
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Table B.8: Average number of selected factors per year for Fama-French 48 industry portfolios

Ind. Industry 2016 2017 2018 2019 2020
1 Agriculture 1.00 1.25 2.38 1.00 2.00
2 Food Products 8.08 9.92 6.67 3.25 6.64
3 Candy & Soda 10.42 14.92 15.42 15.50 11.50
4 Beer & Liquor 3.00 9.67 3.00 1.00 1.30
5 Tobacco Products 20.58 26.00 24.42 25.75 11.36
6 Recreation 2.82 1.88 2.27 1.27 4.36
7 Entertainment 9.08 10.83 20.00 33.83 31.83
8 Printing and Publishing 1.00 1.67 1.50 2.44 3.82
9 Consumer Goods 12.42 12.33 9.33 12.00 16.18
10  Apparel 14.18 10.36 9.17 13.58 10.00
11 Healthcare 13.83 5.67 5.50 7.75 6.08
12 Medical Equipment 6.92 4.42 11.58 12.17 11.17
13 Pharmaceutical Products 8.75 6.58 7.7 8.50 7.92
14  Chemicals 13.83 8.58 14.83 5.58 5.50
15  Rubber and Plastic Products 3.83 1.89 2.92 2.33 3.27
16  Textiles 2.73 3.13 2.00 2.00 4.33
17  Construction Materials 2.17 2.73 11.67 6.25 5.58
18 Construction 5.67 291 7.50 5.75 6.25
19  Steel Works Etc. 6.92 7.50 6.50 3.92 4.58
20  Fabricated Products 3.25 4.08 3.82 2.33 3.36
21 Machinery 11.17 9.08 12.50 5.75 9.17
22 Electrical Equipment 2.67 4.36 3.50 2.75 4.33
23 Automobiles and Trucks 10.42 9.83 9.50 8.58 8.92
24 Aircraft 4.67 5.92 11.83 10.00 9.08
25 Shipbuilding, Railroad Equipment 2.00 4.00 1.00 1.57 2.92
26  Defense 7.25 4.75 10.33 9.42 6.33
27  Precious Metals 4.80 2.00 2.33 3.00 1.00
28  Non-Metallic and Industrial Metal Mining 7.75 10.50 6.75 2.55 2.08
29  Coal 2.33 3.67 2.44 2.88 3.14
30  Petroleum and Natural Gas 10.33 13.92 15.33 13.83 31.00
31  Utilities 18.50 15.50 13.00 11.58 15.82
32  Communication 15.75 14.75 11.75 14.83 10.92
33  Personal Services 3.00 3.25 3.33 1.58 2.27
34 Business Services 2.83 6.08 5.58 3.92 5.67
35  Computers 12.75 17.00 12.00 10.25 9.83
36  Electronic Equipment 9.92 11.58 13.58 11.42 14.08
37  Measuring and Control Equipment 3.08 3.08 6.42 8.67 3.00
38  Business Supplies 2.67 2.70 2.33 3.42 5.25
39  Shipping Containers 1.83 1.88 2.58 1.09 2.45
40  Transportation 18.25 12.33 15.67 8.33 13.67
41  Wholesale 1.25 1.00 1.58 2.33 3.64
42 Retail 6.42 11.67 8.33 7.42 7.83
43  Restaurants, Hotels, Motels 8.75 2.25 5.67 5.83 21.45
44  Banking 8.50 7.33 6.00 7.67 12.58
45 Insurance 6.92 10.00 5.92 12.50 12.25
46  Real Estate 3.33 2.40 1.67 1.17 2.92
47  Trading 5.17 5.50 5.25 4.42 8.92
48  Other 4.10 1.29 1.42 2.75 2.08

Average number of selected factors per year for Fama-French industry portfolios. The candidate covariate set consists of the 224
high-frequency factors of Aleti (2023). The cutoff level in the TLP function is 7, = 0.014/MedRV 7, where MedRV 7 denotes the
MedRV of the test asset computed over the corresponding estimation window [0, T]. The number of B-spline basis functions Ky,
and the effective penalty level A, /7, are selected via 5-fold cross-validation using the one-standard-error rule.
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